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1. Introduction

An algebraic approach in Genetics consists of the study of various types of genetic
algebras (like algebras of free, “self-reproduction” and bisexual populations, Bern-
stein algebras). The formal language of abstract algebra to study of genetics was
introduced in [2-4]. In recent years many authors have tried to investigate the diffi-

cult problem of classification of these algebras. The most comprehensive references

for the mathematical research done in this area are [1, 6-9].
.} be a basis of the algebra A.

Let A be an arbitrary algebra and let {eq, e, ..

The table of multiplication on A is defined by the products of the basic elements,

namely,
k
€iCj = E Yij€k>
k
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where ’yfj are the structural constants. The study of such a general algebra A is
difficult, since it is determined by the cubic matrix {’yfj} of structural constants.
In some evolution algebras the cubic matrix is reduced to quadratic (see [8]) or
rectangular (see [5]) matrices. This simplicity of the matrix allows to obtain deeper
results on the algebra.

In this paper, following [5] we consider a set {h;,7i = 1,...,n} (the set of “hen”s)
and r (a “rooster”).

Let (C,-) be an algebra over a field K (with characteristic # 2). If it admits a
basis {h1, ..., h,,r} such that

1 n
h;r =rh; = = Zaijhj + bir |,
2\= (1.1)
hih; =0, 4,5=1,...,n; rr =0,

then this algebra is called an evolution algebra of a “chicken” population (EACP).
The basis {hi, ..., hy,, 7} is called a natural basis.
We note that an algebra C is defined by a rectangular n x (n + 1)-matrix

ai ai12 . A1n bl
a1 a99 . a92n bg

M = ,
Apl Gp2 .. Gpp by

which is called the matrix of structural constants of the algebra C.

For a given element x of an algebra C', define a right multiplication operator
R,: C — C, as R;(y) = yx,y € C. It should be noted that the matrix M of
EACP C coincides with the matrix of right multiplication operator R,.. Therefore,
the multiplication of EACP C may be given by the operator R,.

In [5] it is proved that the algebra C is commutative (and hence flexible), not
associative and not necessarily power associative, in general. Moreover it is not
unital. A condition is found on the structural constants of the algebra under which
the algebra is associative, alternative, power associative, nilpotent, satisfies Jacobi
and Jordan identities. The set of all operators of left (right) multiplications is
described. Under some conditions on the structural constants it is proved that the
corresponding EACP is centroidal. Moreover the classification of two-dimensional
and some three-dimensional EACP are obtained.

In this paper, we continue the study of EACP. In Sec. 2 using the Jordan form
of the matrix of structural constants we give a simple representation of EACP.
Section 3 is devoted to the classification of three-dimensional complex EACP. In
Sec. 4 we describe some (n + 1)-dimensional EACP.

2. The Structure of EACP

Recall some notations.
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Definition 1. An element x of an algebra A is called nil if there exists n(a) € N
such that (--- ((z - x) - x)---x) = 0. The algebra A is called nil if every element of
—_—————

n(a)
the algebra is nil.

For k > 1, we introduce the following sequences:

AD = A, AF+D = gR) gk).
AN = A, AL = A4,

k—1
Al = A, AR =N AT AR
i=1

Definition 2. An algebra A is called

(i) solvable if there exists n € N such that .A(™ = 0 and the minimal such number
is called index of solvability;
(ii) right nilpotent if there exists n € N such that A = 0 and the minimal such
number is called index of right nilpotency;
(iii) nilpotent if there exists n € N such that A™ = 0 and the minimal such number
is called index of nilpotency.

We note that for an EACP notion as nil, nilpotent and right nilpotent algebras
are equivalent. However, the indexes of nility, right nilpotency and nilpotency do
not coincide in general.

In this section we consider EACP over the field of complex numbers.

Let C be an (n + 1)-dimensional complex EACP and {hy,hs,...,hy, 7} be a
basis of this algebra. Then the table of multiplications of EACP have the following
form

1 n
h;r = rh; = 5 Zlai’jhj + bir |, hih]‘ =rr=0.
j=

Let C and D be EACPs; we say that a linear homomorphism f from C to D
is an evolution homomorphism if f is an algebraic map and for a natural basis
{h1,... hn,r} of C, {f(r), f(hi),i=1,...,n} spans an evolution subalgebra in D.
Furthermore, if an evolution homomorphism is one-to-one and onto, it is an evolu-
tion isomorphism.

Theorem 1. Ifb; =0 for any i =1,...,n, then C is a solvable EACP and it is
isomorphic to one of the following pairwise non-isomorphic algebras:
1
hsiztnir = E(ashzz‘;f nrt et o)
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1
hzl i+ 27‘ = §(a8hzj 1 +2 + hzl ] nz+3)

1
hz: h n1+ng—1r - (ashzs L itns—1 + hzs h n1+n9)

1
hz 1m+nar: (ashz 1nl+n3)

where n = ny + -+ ng, s = 1,...,k and (ar,az2,...,ar) = (1,a2,...,ax) or
(al,GQ,.-.,ak):(0,0,-.-,O)~

Proof. If b =0 for any i = 1, ..., n, then we have the multiplication

Zai’jhj s hzh] =rr=0.
Jj=1

It follows that C® C (hy,ha,...,h,), which implies C®® = 0. Hence, C is
solvable.

Since C is a complex EACP, then by theorem on Jordan decomposition we
conclude that there exists a basis of C such that the matrix of the operator R,
has Jordan form (that is, diagonal block consist of Jordan blocks). We define R, =
J1 & Jy B - B Ji, where a; are diagonal elements of J; and n; are sizes of blocks
Jiy1 <1 < k. Obviously, ny +na +--- +np = n.

Then the table of multiplication of the algebra is follows:

1
hsetnar = glashgea, g +hse1n, 1)

1
hzl 1n+2r— (ashzs 1n+2—|—hzl 1n+3)

1
hzl h nlJrnsflr - (a’shzg Y nitng—1 + hzl h nl+n3)

1
hZa 1 i +"sr = (ashzs 1 nl+ns)

where s =1,...,k.

If as, # 0, for some 1 < sg <k, then without loss of generality we can assume
that a; # 0.

In this case putting: a/, = Z_:’ 2<s<kand

h
S nitg .
ooy = ZE 1< <0, 1905k
ay
one can assume that a; = 1. O
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Remark 1. From the above description it is easy to see that for any s,1 < s <k

(e tnsvhsitnge st in, -0 bsistnin,)
is an ideal of the EACP.
Moreover, if (a1, as,...,ar) = (0,0,...,0), then EACP is nilpotent.

Suppose that there exists b;, # 0,79 € {1,...,n}, then by shifting of the basis
elements h;,1 < i < n we can assume that by # 0. Moreover, by the scaling
hy = éhl we can assume that by = 1. So, we have

1 (& RS -
h17‘:§ ;al,jhj+7“ 5 hz‘7‘=§ ;ai,jhj+bi7‘ y 25ism.

In obtained table of multiplication we take the following basis transformation:
h;:hi—bihl, 2§2§n

Therefore, we obtain the table of multiplication
1< 1< _
hir = 5 ;al,jhj‘FT , h;,r = 5 ;ai7jhj , 2<i<n.

Thus, we obtain the following result.

Proposition 1. Let C be an FEACP. Then there exists a basis {h1,ha, ..., hn,7}
such that C on this basis is represented by the table of multiplication as follows:

1 [ 1[<& )
hir = B ;awhj +or|, 0 € {07 1}, hir = B j;ai’jhj , 2<1<n.

3. Three-Dimensional Complex EACP

In the following theorem we present the classification of three-dimensional EACP.

Theorem 2. An arbitrary three-dimensional complex FEACP C is isomorphic to

one of the following pairwise non-isomorphic algebras:
If dimC? = 1, then

Ci:hir= 57‘;

1
CQ : th' = §h2;

1 1
Cs:hir= §h1 + 57".

If dimC? = 2, then

1 1
Cy:hir = 5(/7,1 + hz), hor = 5}12;
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1
Cs5(B) : har = §h17 hor = ghm B #0;

1 1
Co(a,3) : har = 5(01}11 + Bha+71), hor = §h1;
1 1
C7(Oé) thyr = §(Oéh1 +7")7 hor = §h2;

1 1
Cg:hﬂ"zi(hl-i-hg-i-’l"), hQT:§h27

where one of non-zero parameter a, 3 in the algebra C¢(a, ) can be assumed to be
equal to 1.

Proof. Since the EACPs with condition dimC? = 1 are already classified in [5],
we shall consider only algebras such that dimC? = 2.

According to Proposition 1 we have that there exists a basis {hi, ha, 7} such
that the multiplication of C on this basis has the form:

1 1
hir = 5(@1,1h1 + al,ghg + 5T), hor = §(a2,1h1 + a2,2h2)'
If 6 = 0, then using the result of Theorem 1 we obtain the algebras

1 1
I:hir= 5((1}11 + h2), hor = 50(/7,2.

o g
I h17" = §h17 hg?" = §h2

Since dim C? = 2, then af8 # 0 and hy, he are symmetric in the table of multi-
plication, we can conclude (by scaling of r) that & = 1 and 8 # 0, i.e. we obtain
the algebras Cy, C5(5).

Let now 6 = 1. Then the table of multiplication of the algebra C has the form

1 1
hir = 5(01,1h1 +aigha+71), hor= 5(02,1h1 + az2h9).

ai,2

Case 1. Let az1 # 0. Then putting ' = ﬁr and by = hy + o he we get family
of algebras:

1 1
Co(a, B) - har = §(ah1 + Bha + 1), hor = §h1'

1

——T we obtain the
2,2

Case 2. Let az1 = 0. Then ag2 # 0 and by scaling ' =
multiplication:

1 1
hir = 5(@171}11 + a1,2h2 + ’/‘), hor = 5}12

o In the case of a; » = 0, we have the algebra C;.
o If a1 9 # 0, then by kY = a1 2he we conclude that a1 » = 1, that is, we get family
of algebras

1 1
hir = §(Oéh1 +h2+’l‘), hor = §h2
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— In the above table of multiplication when a # 1 by setting h] = hy + ﬁhg
we get the table of multiplication C7(a # 1).
— In the case of @ =1 we get Cs.

Thus, we obtain the algebras

C47 C5(ﬂ)7 6 7é 07 Cﬁ(avﬁ)v C7(a)7 CS'

We shall investigate isomorphisms inside of families Cg(cv, ) and C7(«).
First consider the algebra

Co(a, B) : har = %(ahl + Bha+71), hor= %hl.
Let us take the general change of basis elements
hy = a1hy + ashs + azr, hhy =bihy + baoho +bar, 1’ = c1hy + caha + c3r.
Consider the product
0 = hih} = 2arashir + 2azashor = (araszar 1 + azas)hy + ajazar 2hs + arasr.

Hence, aja3 = asagz = 0.
Similarly, from 0 = hhhl = '’ = hihl we derive

b1b3 = b2b3 = C1C3 = C9C3 — 0, a2b3 + a3b2 = 0, a1b3 + a3b1 =0.

From the chain of equalities

1 1
5(@1/7,1 + a2h2 + CL3’/‘) = §hll = hlz’/‘l = (b163 + bgcl)hlr + (b263 + b362)h2’/‘

= %(blcg + bzcr)(ahy + Bha + 1) 4+ %(b203 + bzca)hq,
we deduce
(bics + bger)a + (bacs + bzce) = a1,  (bics + bser)B = as,  bics + bzer = as.
Analogously, the equality
i = S(a'h 4 Ry + )
implies
(arcs + ager)a + (ages + azce) = o’ay + b1 + ¢,
(arcs + azer)are = 'as + B'ba + co,
aics 4+ azc; = o’as + 3'bs + c3.
Thus, we obtain the following restrictions:
araz = asag = bibg = bobs = c1c3 = cocg =0, asbs +agbs =0, a1b3 + agby =0,

(b163 + bgcl)a + (b263 + b362) =aq, (b163 + bgcl)ﬁ = az, blcg + b361 = as,
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(arcs +aser)a + (azes + ases) = ’ag + B'b1 + ¢,
(a1cs + azer)ar o = o’ag + 3'ba + ca,
ajcs + asc; = o'as + ﬁ/b?, + c3.

It is not difficult to check that a3 = bs = 0. Therefore, c3 # 0 (otherwise
the chosen basis transformation is non-singular) and the restriction will have the
following form:

a1=b263=1, a2:b1:c1=(:2:0,
/ /2
o =c3a, [ =c30.

By choosing appropriate value of ¢ we can assert that one of non-zero parameter
o, 3 can be scaled to 1.

In the case of the family of algebras C7(«) taking general change of basis and
considering products in new basis, we obtain restrictions:

arasz = asaz = b1bg = bobz = c1c3 = coc3 = 0,  aobz + agzby =0,
a1bs +asby =0, by = (bics +bscr)a, by = (bacs + bzca),
bs = bics + bzcr, (aics + aser)a = d’ay + ¢y,
asc3 + asca = d’as + o, ajcs +azec; = o’as + cs.
Simple study of the restrictions lead to
ar=c3=1, az=bi=bs=ci=cy=0, by A0, a=<’.

Therefore, for different values of parameter « in the family C7(a) we get non-
isomorphic algebras.

Applying argumentations similar as above we derive that there is no algebra of
the family C7(«) which is isomorphic to the algebra Cs.

Since any algebra of the family Cg(cv, §) has not one-dimensional non-abelian
ideal and (hs) is non-abelian ideal in algebras C7(«),Cs, we conclude that there is
no algebra of the family Cg(a, 3) which is isomorphic to C7(«) and Cs. O

Using the explicit form of algebras C;, i = 1,...,8 mentioned in Theorem 2 one
can easily check the following proposition.

Proposition 2.

The algebras C;, 1 = 1,4, 5, are solvable.
The algebra Co is nilpotent.
The algebras C;, 1 = 3,6,7,8, are non-solvable.

4. The Description of Complex EACP

In this section we give the description of some (n + 1)-dimensional EACP.

1450073-8
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According to Proposition 1, we obtain that any (n + 1)-dimensional EACP
admits a basis {h1, ha, ..., hn, 7} such that the table of multiplication of this basis
has the form

1 [ [ & )
hir = 5 Zal,jh]‘ +or], € {07 1}, h;r = 5 Zai’jhj , 2<1<n.

Since the result of Theorem 1 gives a description in the case of § = 0, we shall
consider only the case § = 1.
Let us introduce denotations

V2:<h27~-~7hn>7 RF:RT|V2'

Then we have
= Zaw , 2<i<n. (4.1)
Considering the equality (4.1) by modulo space (h1), we obtain
= Zau , 2<i<mn mod((h)). (4.2)

Similar to the proof of Theorem 1, we obtain the following products:

1
hsatpam = §(a5h25;f nirz T hsiinys)

1
h21 Lni+ 37" = §(a8hzf 1 +3 + h21 ) nz+4)

1
Pt nn, 1" = gl@shget ey )
1
hzl 1" _,'_nS _(ashza lni“’ns)’
where s =1,...,k,n1 +nao+---+nr =n—1and (a1,as,...,ar) = (1,a2,...,ax)

or (al,ag,...,ak) = (0,0,,O)
Now go up to the space Vi, we obtain the following result.

Theorem 3. There exists a basis {hi, ha, ..., hy,r} of EACP, such that the table
of multiplication of this basis has the following form:

1 n
hlr = 5 Z:aLjhj +r

1
hzl L2l = (azs Lnit2, 1h1 + ashza 142 + hZ-_1 nz+3)

1450073-9
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1
hzl Tn43T = (az;ln saafn Tt ashzg Lni+s T hzl ) -y

hzl h nl+nafl7n - (azl 1 nitns—1, lh1 + ashzs 1n +ngs—1 + hzl h nl+na)

|)—‘ Mlb—‘

hZf ) n1+ngr = (azf Lnitn, 1h»1 + ashzf;ll ni+ns)7

where s =1,...,k and a1 = 1.

4.1. The case of k =1

Now we shall investigate the case of k& = 1. Thanks to Theorem 3 we obtain the
multiplication:

1 n
hir = 5 Zal’jhj +7r],

hir = =(aj1h1 +ah; + hit1), 2<i<n-—1,

l\D|F—‘

hnr (an1h+ ahy),

l\JI»—A

where o € {0;1}.
Assume there exists some m, 2 < m < n such that a;,, # 0 and a; ,, is the
first non-zero parameter. Putting

h; = Z ar,jhj—msi, 2<i<mn,
j=m
we can assume that the table of multiplication has the form
hir = aihy + ahpy, +1r, 2 <m; <n,
C*(a;,m1): § hyr = ajh1 + ah; + hiy1, 2<i<n-—1,
hpr = anhy + hy,

where a € {0;1}.

Consider two algebras Cl(a;,m1) and C!(b;, ma), with basis {h1, ha, ..., hn,7}
and {h}, kb, ... hl 7"}, respectively. If my # mag, then without loss of generality
we can suppose mip < ms.

Theorem 4. Two algebras C*(a;, m1) and C*(b;, ms2) with mi < mso are isomorphic

if and only if

(1) a; =b; =0, my <i<n;

(2) a1 = by and by # 1, and by # apm,—1 + 1 in the case of by, —1 # 0; by # 1, or
Gm,—2 # —1 in the case of by, —1 =0, by, —2 # 0;

1450073-10
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(3) there exist By, Bs, ..., Bm,—1 € C, with By # 0, such that

m1—1

b; = Z Bj_ijoar, 2<i<m;— 1L
=i

Proof. Necessary. Let f be an isomorphism f : C1(b;,m2) — C'(a;, m1). Then

Fh) = Aijhj+Cir, 1<i<n, f(')=> Djhj+Cpyr.

Jj=1 Jj=1

Note that, without loss of generality we can assume Cy,41 # 0.
From the following chain of equalities

0= f(R) () = | Y Aijhy+Cir | [ D Aishj +Cir | =2Ci > A jhyr

j=1 j=1 j=1

=C; |Aigha + Aj1hm, + Aiar + ZAi,jajhl + Z(Ai,jﬂ + A )hj |,
=1 =3

0=fr'")f(r') = ijhj + Dyiar ijhj + Crgar | =2Ch4q ijhjr
j=1 j=1 j=1

= Unp+1 D2h2+D1hml +D1T+2Djajh1 —|—Z(Dj_1 —|—Dj)hj 5
j=1 Jj=3

we obtain the restrictions:

CiZAi,jajZO, Cildi, =0, 1<i<n, 1<k<n,
=1

Cn1 Y Dja; =0, Coy1Dp=0, 1<k<n.

j=1

Since Cy,41 # 0, we obtain D; = 0 for 1 <7 < n. Moreover, it is not difficult to
obtain that C; = 0 for 1 < i < n. Indeed, if there exists C;, # 0, for 2 < iy < n,
then it implies that A;, ; = 0 for 1 < j < n. It is a contradiction with the condition
of the matrix of the general change is not singular, since D; =0 for 1 <7 < n.

Thus, we have

1450073-11
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Consider the multiplication

= ZAn’jth = An,ghg + An,lhml + An,lT' + ZAn,jajhl

j=1

+ Z(An,j—Q + An,j)hj-
j=3

On the other hand,

n

FR)F) = b f (W) + F(hy) = (bnArj + Anj)h;.

j=1

Comparing the coefficients at the basis elements we obtain

Ap1 =0, ZAn,jaj =by A1 1,
=2
(4.3)
0=>b,412,

App =bp1Ar 1, 2<k<n—1

Analogously, considering products

F(Ri) £ (

ZA”h r = Ajsho + Ajhim, —|—A11T—|—ZA1JCLJ}L1

Jj=1 Jj=1

+ Z(Ai,jfl + Aij)h;
=3

= bif () + F(h) + f(higr) = Y (0iAvs + Aij + Asyrg)hy,
Jj=1

for2<i<n-—1, we get

Aix =0,

Z A ja; = bjAq,
= (4.4)

biAi o+ Air12 =0,

Aig =biA1 g1+ Aipi1 kg1, 2<k<n—1

Consider the product

FE)A(

ZAI jhjr = A1 2ho + A1 1hm, + Arar + ZAL]%M
Jj=1 j=1

+ Z(Al,j—1 + A1j)h;
j=3

1450073-12
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= bif(hy) + f(hp,) + F(7) =7+ (b1Arj + Ay ).
j=1

From this we derive

Arg =1, ZAl,jaj = by,
=1
A2 =b1A12 + Ap, 2, (4.5)
A + Akt = 0141 k1 + Apg k1, 2<k<n—1, k#m; —1,
1 + Al,ml—l + Al,ml - blAl,ml + Amg,ml-

From b,A;2 = 0, we obtain b, = 0. Indeed, if b,, # 0 then A;5 = 0 and
according to (4.4) we get A; 2 =0 for 3 <i <n. From A, 2 = b,A; 3 and by (4.4)
we get

A13=0, Ayg=A33, Aijz3=0, 4<i<n
Recurrently, we obtain
A1 p=0, Apr=As2, Aix=0, 2<k<my, k+1<i<n.

But since m1 < mao, from 1 + Ay -1 + A1my, = 141 my + Ay om, We get
incorrect equality 1 = 0. It is a contradiction with assumption b,, # 0.

Thus, b, = 0. From this we have 4,,;, =0,2 <7 <n—1 and a, =0.

Continuing this process we obtain the condition (1), i.e.

bi:ai:07 mlgzgn
o If by, 1,1 # 0, then it is not difficult to obtain that
Al,j:07 2§j§m1—1,

) (4.6)

i =0, 3<i<m;—1, 2<5<i—1.
Indeed, from by,,—1,1412 = 0 we have A; 2 = 0, which implies A4; 2 = 0 for
3 < i < my— 1. So, the equality (4.6) is true for j = 2. Recurrently we obtain
the equality (4.6) for any j (2 <j <my —1).

Thus, we obtain a; = by, Z;n:ll_l Ajpar, =b;,2 <i<m; —1, and

14+ Aipmy =0141 0y,
Arp +Argr1 = b1 A pr1, my <k <mg—2,
Avg + At g+

=01 A1 k1 T Ay g —matkt1, M2 —1<k<n—1,
Aigk = Aig1,k+1, 2<i<m; =2, i<k<m; —2,
Ak =bi A1 1 + Aip1 k11, 2<i<mi—1, m—-1<k<n-1,
Air = Ait1,k+1, mi<i<n-—1, i<k<n-—1.

(4.7)

1450073-13



A. Dzhumadil’daev, B. A. Omirov & U. A. Rozikov

Taking into account the equality 1+ A; ,,, = b1A1,m,, we have by # 1, and
Aim, = bl%l. From the fifth equality of (4.7) for k = m; — 1, we have

1 1
Amm:Am—m—_bm—Am:bm— - .
1,m1 1—1,mi—1 1—141,my 1—1 <am11 by _1>

Since A, m, # 0, we obtain by # @, —1 +1, i.e. the condition (2) is satisfied.
Taking into account, the fourth equation of the system (4.7), putting By =
As i, 2 < k <my — 1 we obtain the condition (3).

e In the case of b,,, 1 = 0, using the similar argument for the first non-zero element
by from the set {by,,—2,...,b2} we obtain the equality a; = by, Zzzz A pay, =
bi,2 < i<t and

Avpp1 =01 A1 41,

Ar g+ A1 g1 = bi Ay g1, t+1<k<m —2

1+ A1 -1+ A, = b1 A1y,

A+ Al 1 = b1 A1 gt my <k <mg— 2,
Ai g+ Al (4.8)
=01 A1 k1 + At t—motkr2, Mo —1<k<n-—1,

A = Aitt kt1, 2<i<t—1, i<k<t—1,

Ai g = biA1 k1 + Aiv1 i1, 2<i<t t<k<n-1,

Aik = Aig1ps1, t+1<i<n-1, i<k<n-—L1

If t = my — 2, then in the case of by = 1 and a,,—2 = —1, we obtain
Ay —1my—1 = bml,g(ﬁ +1) = 0, which is a contradiction with the existence

of isomorphism f. Therefore, if ¢ = my — 2, then by # 1 or G, —2 # —1, i.e. the
condition (2) is satisfied.
Putting By, = A2k, 2 < k <my — 1 we obtain the condition (3).

Sufficient. Let the conditions (1), (2) and (3) are satisfied. From the previous
proof it follows that the existence of an isomorphism f : C1(b;, m2) — C'(a;, m1) is
equivalent to the solvability of (4.7) ((4.8) if by,,—1 = 0).

In the case of b,,,—1 # 0, and by # 1, b1 # am,—1 + 1 we find a solution of (4.7)
as follows:

Aigr = Bi—ita, 2<i<mi—1, i<k<m —1,

1
Al,kzm, mp <k <mg—1,
1 1
Aji = by, - , <i<n.
R " 1<am11 b1—1> mp stsn
Then from (4.7) we obtain other parameters A; j.
The case by, —1 = 0 is similar to the case by,, -1 # 0. |
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Corollary 1. C'(0,m) = C(0,2) for any m(3 < m < n). And as an isomorphism
we can take

m—1 m
FR) = b+ Y (D) e+ Y (0P (1)) kg,
k=1 k=m

f(hi) =hi, 2<i<n, f(r')=r
Analogously, we obtain the following theorem for the class of algebras C%(a;, m).

Theorem 5. Two algebras CY(a;,m1) and C°(b;, ma) with my < my are isomorphic
if and only if

(1) ai:bi:07 mlgign;
(2) a1 = by and by # 0, and by # am,—1 in the case of by,—1 # 0; by # 0, or
Gm,—2 # —1 in the case of by, —1 =0, by, —2 # 0;
(3) there exist B, Bs, ..., Bpm,—1 € C, with By # 0, such that
mi—1
by = Z Bj_iyoar, 2<i<mp—1.
k=i
Now we investigate the criteria of isomorphism inside the class of C*(a;, m).
According to Theorem 4, if a; = 0 for m—1 < i < n, then there exists an algebra
C*(¢;,m — 1) which is isomorphic to C*(a;,m), we consider the case of a; # 0 for
some i(m — 1 < i <n).
For this purpose consider two algebras C'(a;,m) and C!(b;,m), i.e. case of
myp = Mmay.
Similar to the proof of Theorem 4, we consider the isomorphism f : C*(b;, m) —
C'(a;,m) as follows:
fh) =Y Aijh;, 1<i<n, f(')=nr

=1

We obtain 411 =1, A;; =0, for 2 <i <n and the following restrictions:

n
by =ay + ZA17jaj7

j=2
b¢=ZAi7jaj, 2<i<n,

j=2
bpAio =0, bjAi 2+ Ait12 =0, 2<i<n, (4.9)
Aig = biA1 jp1 + Aig1 k1, 2<i<n—-1, 2<k<n-—1,
Ap i = bnAi gyt 2<k<n-—1,

A2 =b1A1 2+ Apy 2,
A+ A g1 =01Ai o1 A+, 2<k<n—-1, k#m—-1,
1+ Al,m—l + Al,m = blAl,m + Am,m-
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From (4.9) it is not difficult to obtain the following recurrent formula:

Aigio+1 = Ao p—igo — Z biA1 k—it14j- (4.10)
j=2
Let p be the first non-zero element from the set {b,,b,—1,...,bm—1}.
In the case of p =m —1,ie. b, =bp—1 =+ =by, =0, by,—1 # 0, from (4.9)
we obtain a, = a,_1=--=a,, =0, and
Al,i:O, 2SZS?’TL—1,
Aji = Az o, 3<i<m-—1,
Aii=A29 —bym_141 m, m <1 <n,
m—+1—1
by =a1,b; = Z Az ja; oy, 2<i<m—1,
j=2

Aso =1+ (1 —=b1 +bm-1,1)A1,m;
Asg=(1—bi +bm1)Atms1 + (1 + bm_2)A1m,
Aryi=1=b1 +bmo1)Arm—24i + (1 +bm—2)A1 m—3+i

+me+17jAl,m+i7ja 4<i<m-—1,
=4
Aryi=1=b1 +bmo1)Arm—24i + (1 +bm—2)A1, m—3+i
m—1
+me+1_jA1,m+i—j7 m<i<n—m+2,
j=1

(4.11)
From this we obtain the following result.

Theorem 6. Any algebra C'(a;, m) with am—1 # 0, Gm = Qi1 = -+ = ay = 0 is
isomorphic to one of the following non-isomorphic algebras:

a; = a,
1 . Am—2 = _]-7
Ci(az,m) :
Um—1 = @ — 17
aj =0 otherwise,
a; = a,
1 ) _
Cy(a;,m) :  Gm—1 =a—1,
aj =0 otherwise,
a1 75 2,
1 .
Cs(a;,m): < Gm—1 =1,
a; =0 otherwise.
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Proof. From (4.11) it is not difficult to see that if b,,—1 = b1 — 1 and b,,,—o = —1,
then

A2,2 = 1a
A2,3 = Oa
i
Ag; = Z bmt1—j A1 myi—j, 4<i<m—1, (4.12)
j=4
m—1
AQ,»L‘ = Z bm+1_jA1,m+i_j, m < ) <n-—m-+ 2,
j=4
which implies Am—1 = bm_1 = bl—l, Am—2 = —1, and bl = ClrFZ;n:_zl_i AQ,jaj_Q_‘_i,
for2<i<m—3.
Putting
Am—3 1
Apg=—"" Aps=——(amsa — am-142.4),
bmfl bmfl
1 i—1
Ay = “p o | Gmti - Zam—l—i—o—jAQ,j , 5<i<m—1,
m—1 =4
we can suppose by = bg = -+ = b3 = 0. Other parameters of the isomorphism
f can be found by (4.12) and (4.10). Thus, for any parameters a1, ag,as, ..., Gm_1
with conditions a,,—1 = byy—1 = b1 — 1, a2 = —1, there exists an isomorphism f

from the algebra C!(a;,m) to the algebra C;.
If b1 = by — 1 and by,—2 # —1, then we have A > =1 and ay—1 = b1 =
by — 1.

Putting
A —2 Am—3 1
Agg=——"S, Agy=——""" Ays5=-— (@m—a1 — @m—1A2.4),
bm—l bm—l m—1
1 i—1
As; = 5 | Gmti-i - Zam—l—i+jA2,j , 4<i<m-—1,
m—1 =3
we can suppose by = bg = -+ = b,_o = 0. Other parameters of the isomorphism

f can be found by (4.12) and (4.11). Thus, for any parameters a1, ag,as, ..., Gm_1
with conditions a,,—1 = a1 — 1 there exists an isomorphism f from the algebra
Ci(a;,m) to C3.

Analogously, in the case of b,,—1 # by — 1 and b,—2 # —1, putting A, ;
we can suppose by = by = -+ = b,,_o = 0 and b,,—1 = 1, which derive the
algebra L. O

1450073-17



A. Dzhumadil’daev, B. A. Omirov & U. A. Rozikov

Now consider the case p > m, ie. b, = b1 = -+ = bp11 = 0, b, # 0, then
from (4.9) we obtain a, = ap—1 =+ = ap41 = 0, and

Al,i:07 2§i§p,

A =1, 2<i<p,

Aii =1—=bpAi1pt, pt1<i<mn,

p+2—1
by = a1, b; =a; + Z Az jaj o4, 2<i<m—1,
j=p+3—-m

A pomys =1 =01 4+ bm—1)A1pt1,
Az p-mya = (1 —=b1 +bpm—1)A1 pr2 + (1 + bm—2)A1 py1,
Agi=(1—b1+bm-1)A1p-14i+ (1 +bm2)A1p 24

+ Z bn1—j A1 privij, 4<i<m-—1,
j=4
Ai=(1—br+bm1)A1p14+i + (1 +bm2)A1p 214
m—1
+ Z bimt1—5 AL pr14iojgs m<i<n-—m+2.
j=4

Similar to Theorem 6, we obtain the following result.

Theorem 7. Any algebra C'(a;,m) with a, # 0, apr1 = apyo = -+ = a, = 0,
p > n is isomorphic to one of the following pairwise non-isomorphic algebras:

a; = a,
Am—2 = _17
C%(aiamap) : Am—1 :a_la
Clj S (C, m S ] S P,
a; =0 otherwise,
a; = a,
Cl(w mp) am,]_:a—]_7
2T )65 €C m<j<p,
a; =0 otherwise,
al 7é 2,
Am—1— 1
Cilaj,m,p):{™™ ’ )
3(a; p) aj €C, m<j<p,
a; =0 otherwise.
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