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GENERALIZED CASIMIR ELEMENTS
UDC 512.554.342

A. S. DZHUMADIL'DAEV

ABSTRACT. A method is given for constructing a central element in the universal
enveloping algebra %(L) of a Lie algebra L, generalizing the method for constructing
a Casimir element and not requiring the existence of a nondegenerate invariant form
on L. Generalized Casimir elements are constructed for certain Lie algebras of Cartan
types over a field of positive characteristic.

Bibliography: 15 titles.

In the calculation of the center 3(L) of the universal enveloping algebra A(L) of a
Lie algebra L an important role is played by methods of constructing central elements
in 3(L). The following method of constructing a central element in the case where L
possesses a nondegenerate invariant form ( , ) is well known. If V(L) = {e;|i € I}
is a basis in L and V(L) = {e, € L|(e},e;) = &5, ¢,j € I} is a dual basis, then
the Casimir element >, e;e; is central. In this paper we give a generalization of this
construction that does not require the existence of a nondegenerate invariant form on
L. Interesting examples of generalized Casimir elements arise in the case of simple
Lie algebras of positive characteristic. Recall that almost all nonclassical simple Lie
algebras known up to now are Lie algebras of Cartan types [1]. For many nonclassical
simple Lie algebras every invariant form is degenerate. Nevertheless, among them occur
algebras possessing nontrivial central elements. Such, for example, is the Zassenhaus
algebra (among the nonclassical Lie algebras, W;(m) is the only one for which the center
3(W;(m)) has been described completely; see [2]-[7]). We will give a simple method for
constructing nontrivial central elements in terms of generalized Casimir elements both
for the Zassenhaus algebra and for some other Lie algebras of Cartan types.

§1. A generalized Casimir element

We endow (L) with the structure of an adjoint L-module. Suppose M is an L-module
relative to the representation £ — (x)ar, M’ is a dual L-module, 8: M x M’ — P is the
natural pairing, V(M) = {v;[¢ € I} is a basis in M, and V(M') = {v}|B(v;,v}) = & 5,
1,7 € I}, where §; ; is the Kronecker symbol, is a dual basis. Let M9 = (v € M|z(v) = 0,
z € Q) be the space of invariants relative to the subalgebra @ (here and below, in
notation like (z)arv the symbol M is omitted). A Lie algebra L will be called Casimer
(more precisely, M-Casimar) if there exist L-module homomorphisms F: M — 2A(L)
and F': M’ — A(L). Then these homomorphisms can be extended to an L-module
homomorphism

FQF:M®M =EndM — A(L), vV — Fu)F'(v'),
1980 Mathematics Subject Classification (1985 Revision). Primary 17B35.
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392 A.S. DZHUMADIL'DAEV

where (End M)’ is mapped into 3(L). The element
c=>_ F(v)F'(v}) € 3(L)

corresponding to the identity endomorphism in M (it does not depend on the choice
of basis in M and M’) is called a generalized (more precisely, M-generalized) Casimir
element.

The L-module A{L) contains the L-submodule L in a natural way. Therefore if the
L-module A(L) contains a submodule isomorphic to the coadjoint module L', then,
identifying it with L’, we can consider the L-generalized Casimir element

Z eie;- & 3(L),

where e; € (L) and Ble;,€;) = 4,;;. In particular, if L possesses a nondegenerate
invariant form, then the adjoint L-module is isomorphic to the coadjoint module and
this element is a Casimir element. Assume that the characteristic p of the ground field P
is positive, and let R(L) be a minimal p-hull of the Lie algebra L [8]. There is a natural
embedding of the L-module R(L) into A(L). Therefore if the L-module (L) contains an
L-submodule isomorphic to R{L’}, we can construct R(L)-generalized Casimir elements.

If p > 0, the algebra 3(L) contains the subalgebra 3¢(L) = (zP — zPl|z € R(L)). We
will call z € 3(L) a nontrivial central element if z ¢ 30(L). Let 3(L) and 3¢(L) be the
fields of fractions of the rings 3(L) and 3¢(L).

PROPOSITION 1. If L s a finite-dimensional Casimir Lie algebra, then there exists
a finste set of generalized Casimar elements generating 3(L) over 3o(L).

PROOF. Suppose ¢ = >, F(v;)F(v]) is a generalized Casimir element. Note that for
any z € 3(L) the element zc = »_ (2F(v;))F'(v}) is also a generalized Casimir element.
It is known that the rank ¢ = [3(L): 3¢(L)] < oo (see [9]). Suppose zy, ...,z € 3(L)
generate the field B(L) over SO(L). Then the new generators ¢z, ..., cz; are generalized
Casimir elements.

CONJECTURE. Suppose L is a finite-dimensional Lie algebra over an algebraically
closed field P of characteristic p > 5. If L is Casimir, then as generators of 3(L)
over 3o(L) we can take a finite set of generalized Castmir elements. Moreover, if 3(L)
contains a nontrivial central element, then L is Casimar.

Let A(L) = A(R(L))/30(L) be the restricted universal enveloping algebra of the Lie
p-algebra R(L); we will call it the u-universal enveloping algebra of the Lie algebra L.
Let 3(L) be the center of A(L). If there exist L-module homomorphisms F: M — (L)
and F:M' — A(L), then, as above, the central element ¢ = >, F(v;)F'(v}) € 3(L)
is called an M-generalized Casimir u-element (in the future the M and u will often be
omitted).

Suppose the elements 1, ...,l, form a basis in R(L). Then in A(L) we can choose
the basis {{* = [, [70<o; <p,i=1,...,n}. Lete=(p—1,...,p— 1). We define a
linear mapping w: A(L) — P by the rule :1* — 0, a # e, ©:1¢ — 1. Assume that for
all [ € R(L) we have

tradl = 0. (%)

It was shown in [10] and [11] that the bilinear form

[1
O:A(L) x A(L) — P, &{u,v) = p(uv),
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is symmetric, nondegenerate, and L-invariant. Thus we have

PROPOSITION 2. If a finite-dimensional Lie algebra L satisfies (%), then it is u-
Castmir: the L-module A(L) contains an L-submodule isomorphic to L'. In particular,
a Lie algebra that is equal to its commutant s u-Casimar.

It is obvious that a generalized Casimir u-element of such Lie algebras has the form
dim R(L)I¢. In general, I* € 3(L) if () holds. Later we will construct more interesting
examples of generalized Casimir u-elements.

§2. A nondegenerate invariant form in the space
of exterior differential forms

We introduce the following notation: (X) is the linear span of the set of vectors X, I
is an index set of order |I|,

Li(m) (=T (m))={a=(..,0,..)/0<a; <p™, i€},

where m = (...,m,;,...), m; € N, and

Ei:<0,...,0,1,0,..., >, C—Z m,_ 51.EFI ’ lal Zal

2

Throughout this section, L is a Lie algebra of Cartan type, U is a natural L-module,
I,lj,... € L, and u,v,... € U. The module U has the structure of a commutative
associative algebra. A module M will be called an (L,U)-module if the L-module M
has the additional structure of a module over the algebra U and satisfies the condition
l(ua) = l{u)a + ul{a), e € M. Recall that in the divided power algebra

O1(m) (= Opy(m)) = <x<a> =[[*lae rl(m)>

multiplication is defined by the rule

(@), g8 — TT [ % T 5| plets)
Let
0 (m) = (2'Yde;, A Adag fiy < - < ik, o € Tp(m)),
the space of exterior differential k-forms, and let d: QX (m) — Q&+ (m) be the exterior
differentiation operator in (1},(m) = @, (1% (m). By analogy with the characteristic zero
case, the cochain complex ({1},(m), d) will be called the de Rham complez. Let Z*(Q1) =
(w € QF(m)|dw = 0) be the space of closed k-forms (k-cocycles), B¥()) = (dw|w €
(1k=1(m)) the space of exact k-forms (k-coboundaries), and H*(Q?) = Z*(Q)/B*(Q) the
k-homology space of the cochain complex (2 (m) (de Rham k-cohomology). Recall that
in the characteristic zero case the Hodge inner product in the space (2*(X) of differential
forms on the variety X is given by the bilinear form A defined by A(w,w’) = f; (wAxw').
In this section we will construct a modular analogue of this form.
The complex (1}, (m) has the structure of an (W, (m), O,,(m))-module, where

Wa(m) = ((¥da e T(m), I={1,...,n})

is a general Lie algebra of Cartan type (see [1] for details). Therefore we can impose on
Q22 (m) the additional structures of W, (m)-modules by means of the rule

(Diw = Hw) + t(Divw, te P
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We denote these modules by (£ (m)):. Exterior multiplication in the Grassmann algebra
2 (m) is coordinated with the actions of the Lie algebra and the coboundary mapping
by means of the following conditions:

HwAw) =l(w) AW +wAl(w'), (1)
dwhw)=dwAw + (-Dfwrde’,  weQk(m). (2)
Consider the mappings

w: Oi(m) — P, ™ Z Aaz(® = A,
a€l(m)

o: Qn(m)— P, o: udzy A ANdzx, — w(u).

Note that the space H™({) is one-dimensional and is generated by the class of the form
z(®dx; A--- Adz,. Since the action of W, (m) on H*(Q) is trivial, we have the relation

o(lw) =0, we Qn(m), l e W,(m)

(this can be verified directly: l{udzy A -+ Adzy) = (I(u) + (Divl)u)dz; A --- Adzy,). Tt
then follows from (1) and (2) that the form A: {2} (m) x 2} (m) — P defined by the rule

Alw, ') = o(wAw')

is nondegenerate and invariant under W,,(m), O,(m), and d:

Allw, w’) + A(w, lw') =0, le W,(m), 3
Aluw,w') = A(w, uw'’), u € Op(m), ®)
Aldw, ") + (—=1)*A(w, dw’) = 0. (4)

It follows from (3) that the form
A (. (m)y x (O (m))_; — P, A(w, ') = o(w A W),

is also invariant under W, (m).
It is easy to show that the linear mapping

Y widi = Y (~D udzy A Adzi A Adzy € Q27 (m)

defines an isomorphism of the W,(m)-modules W,(m) and (27~ 1(m))_; (the roof ~
signifies that the corresponding element is omitted). The elements

D; ;(w) = 0:(u)d; — 3;(1)3; € Sn(m) = (I € Wyy1(m)| Divi = 0)

are sent into the differential forms (—1)**t7d(udz; A - NdziA-- -/\d/a-c;/\- «*Adtpni1). The
simple Lie algebra S,(m) is generated by the elements D; ;(u), i < j. Put B}, (m) =
B*(2y+1(m)). Then the S,,(m)-modules S,(m) and B?, ,(m) are isomorphic.

On the other hand, the existence of a nondegenerate invariant form

A_1: (N (m)) oy x (A7 (m)y — P
shows that the W,,(m)-modules (Q7~1(m))_; and (Q1(m)), are dual. Thus the W, (m)-
module (2} (m)); is isomorphic to the coadjoint module. Also,
Aldw,w') =0, weMTi(m), W € Z (Qpii(m))

(according to (4)). Since BZ, ;(m) = QL. ,(m)/Z'(Q,11(m)), this means that the
S,(m)-modules B7, ,(m) and B2 _,(m) are dual. Consequently, the S,(m)-module
B2, ,(m) is isomorphic to the coadjoint module.
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For the Hamiltonian Lie algebra
H,(m) = (z¥|aeli(m), a #0,e, [ ={%l,...,%n}),
{2, 2P} = — ngn 10;(z(*)a_; (=),

the natural H,(m)-module is isomorphic to the adjoint module: L = H,(m), U =
O3n(m), and [(u) = {I,u}. Since 2(®) ¢ [L, L], the form B: L x L — P defined by

B(l, ll) = 7!‘(”1)

is nondegenerate and invariant, i.e., H,(m)’ = H,(m).(})
In the contact Lie algebra

Kpoi(m) = (e®@laeTy(m), T ={0,+1,...,4n}),
multiplication is defined by the rule

(2@, 2] = 8oz A(z?)) — 8p(zP)A(z'¥) — ngn i9:(z'N)d_(z'),
i#0

A(z() = (2 - Zai) (),

i#0
When n = —2 (mod p), the algebra K, ;(m) has an ideal of codimension 1: K,,,(m) =

(@) |o # e, o € Ty(m)). Let U, denote the K,,1(m)-module defined in the space
U = Ozn1(m) by the rule

Oeu = [l u] + (t — 2)do(D)u, teP.

Note that the adjoint L-module is isomorphic to Uz, and the natural L-module is equal
to Up. It is easy to see that

1((a'):2) = ~baspetert+2(n+ D) (-1, a,BeT1(m),
({, uv] = [l,u]v + u[l,v] — 209 (1)uv, u,vely, leL.
Consequently for any [,u € L and v € U;, we have
7({l, ujv) + m(u((l)ev)) = 7([l, wv] + tdo(Duwv) = (t + 2(n + 2))A(l, u, v),
where A(l,u,v) € P. In other words, the form
B:L X U_g(ny2) — P, B(l,u) = n(lu),

is invariant and nondegenerate, i.e., Ky 1(m) = (Ogni1(m))_o(n+2)-

Let us summarize what we have obtained.

PROPOSITION 3. For any 0 < ¢ < n and t € P we have a W,(m)-module isomor-
phism (0, (m)), = (Q2~*(m))_:. For a simple Lie algebra L of Cartan type over a
field P of characteristic p > 3 the coadjoint L-module L' and the corresponding pairing
B:L x L' — P are defined by the following rules:

Wa(m) = (Q;(m));, B (Zuiai,zv,-dx,-) = > m(wws),

Sn(m)’ = Br21+1(m)a B (Di,j(u)’ d (E vsdms)) = r(u(ai(v.‘i) - aj(vi)));

(1)Added in proof. After the present paper was submitted for publication there appeared that of
Ya.S. Krylyuk [15], in which were also described the coadjoint representations of Lie p-algebras of Cartan
types, except for the contact algebra.
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wn the cases of Hamaltonian and contact algebras the adjoint and coadjoint modules can
be defined over the same space and the pairing B given by B(l,v) = n(lu):

Hn(m)/ = Hn(m)§

Kn+1(m)l = (O2n+1(m))~2(n+2)1 n 3:‘ -2 (mOdp);
Fn_,,l(m)’ = 02n+1(m)/P, = -2 (modp).

COROLLARY. The simple Lie algebras of Cartan types over a field of characteristic
p 2> 3 with nondegenerate invariant forms are ecxhausted by the following list: W(m)
{(p = 3), Sa(m), Ho(m), K,11(m) (n = =3 (modp)). Any nondegenerate invariant
form of these algebras is symmetric and differs from the following forms (, ):Lx L — P
by nonzero factors:

(eis€5) = (—1)6isjpm—p,

L=Wi(m)={e;=z0+Vg| —1<i<p™-2), p=3

01 2

(Dij(u), Dik(v)) = sgn ( :

i k)w((?,-(u)v),

(Di,j(u)’ Di,j(v)) =0, L= SQ(m)’

where 1, 7, k are distinct elements of the set {0,1,2} and sgn (“2 Jl i) 1s the parity of the

permutation (? ; i), for contact and Hamiltonian algebras the form (, )} is defined by

(l,ll) - ﬂ'(lll)

PROOF. A Lie algebra of Cartan type has a grading L = @;_, Li. Let V(L,) =
{9,]¢ € I} be a standard basis of the subalgebra L, and let £_ = @;_, L; (see [1] for

i=
details). If | € L;, we will write |I| = <. We will say that [ is integrable wiqth respect to 0,
and write I' = [, 1if [0;,0'] = 1. We will call | strongly nonintegrable if I ¢ [0, L] for all
0 € L_. Suppose T is a standard torus and V(L) a basis in L. Then we can choose [;!
for | € V(L) so that | f,I| > |I|. In particular, the sets of strongly nonintegrable basis
elements and basis elements of the subspace L, are the same. Suppose (, ):L x L — P
is a nondegenerate invariant form on L. For any d; € V(L) we choose 3} € V(L) such
that (9;,0}) # 0. Then 0} is strongly nonintegrable, since in the case 8} = [0,1], l € L,
0 € L_, we would have (9,,[0,1]) = ([04,0],!) = 0. Thus d € L,. Moreover, for any
h €T C Lg we have

(lh,0:},07) + (04, [h, D)) = 0.

As can be seen from the results of [1], the situation where the basis vectors d; € L, and
0} € L, satisfy these two conditions can arise only in the following cases:

L Wi(m), p=3 S2(m) H,(m) Kpy1(m), n = -3 (modp)
(0;,01) (8,27 7V8) (8, Djr(z®)) (xi,xle) (1,2(¢))
i1£J#k £k

It follows from Proposition 2 that in these cases nondegenerate invariant forms do exist.

REMARK. Nondegenerate invariant forms of the Lie algebra H,(m) and of the Lie p-
algebra S»(1, 1, 1} were constructed earlier in [12]. Analogous forms can be constructed in
the characteristic zero case: the Lie algebras of smooth solenoidal vector fields on a three-
dimensional sphere and of Hamiltonian vector fields on an even-dimensional sphere have
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nondegenerate invariant forms. Nondegenerate forms can be defined as in the modular
case, if in the role of a strongly nonintegrable element () € U we take i:ci_l.

§3. Central elements in the universal enveloping algebra
of a Lie algebra of Cartan type

For | € L we denote by Ad! the adjoint derivation in %(L) (and in %A(L)). For
o €T (m), I = I{L), we consider the endomorphism D%*: A(L) — A(L) defined by
D* =[[(Add,)™ if L = Wa(m), Su(m),
D% = (~) L0 [[(Ad )~ if L = Hy(m),

i.e., in our definitions of Lie algebras of Cartan type
[Iog if L =Wa(m), Su(m), Ha(m),

D® = ) )
83°H(3¢ —sgnir_;0p)* if L = Kp,i1(m).

i£0
The endomorphism D*: A(L) — A(L) is defined analogously.

THEOREM 1 (p > 3). If L is a simple Lie algebra of Cartan type, the following
elements lie in the center 3(L):

L=Wi(m)=(e; =z"V3| - 1<i<p™-2),

co = (Ade_)?" " (B 1)/?),

(5)

e = & Py — (Ade_1)P" " ((Adeo )P 1 (BB, 0<t<m, (6)
L=2Sy(m), c=D| Y sgnyzD0,0)8,(1)(c!?)dy2) (7)
YES3
(the summation extends over all permutations ~y = (7?0) 7(11) 7(22)) € S3),
L=Hy(m), c=D((zl®)?), (8)
L:Kn+1(m)> n?—é -2 (mOdp)a c:De((z(e)).‘H—l), (9)

where s satisfies the condition s(n + 2) = —1 (modp). These and the elements listed
below lie in the center 3(L):

p—1
L=W,(m), n=-2 (modp), ¢e=D° (H(x@ai)) : (10)
7 1
L=Sy(m), c¢=D° ( (D,»,J-(x(‘*)))) : (11)
1<y
L=H,(m), c¢=D° (];I(z(e-fi))l’—l) , (12)
L= Fn+1(m)’ n=-2 (mOdp)a
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&= D¢ (z(e)(x(e—so))p—:& H(x(e—si))p—l)

i#£0

— z& pe ((I(e—Eo))p—Ii H(x(e—si))p~1) . (13)
i£0
PROOF. The coadjoint L-module L’ is a homomorphic image or submodule of the
L-module induced from the Lo-module Lj, where g is the depth of the grading in L
(Proposition 3). Note that £,L, = 0 and 9; o (D*X)' = —(D*"*X)’, where 0, €
V(L ), a; >0, X € V(L,), and D*X # 0. The following mappings are Lg-module
homomorphisms f’: L}, — A(L)E+ or 7 L, — A(L)Er:

L=Wi(m), f(e,)=eE)?,
. . 01 2
L=S8)(m),  f(8)=Dx(z), i#j#k itk sg“(' i k):L

L=Ha(m),  [(&)=al),
L =Kni(m), n#-2(modp), f'(I')=(z)",
L=W,(m), n=-2(modp), ?'(8;) = H(z(e)aj)p‘l—éi,]‘,
Jj#
L=FKnpi(m), n=-2(modp), f(1)=(zlc=))p=3 [[(zle~*))~".
i£0
Consequently, the rules
L=Wi(m), F'(e)= (-1 (Ade_;) (el )P,
L = H,(m), F'(2(®)) = (=1)lel Do (z()y = (—1)lalgle—e),
L=Knii(m), n#-2(modp), F'(z(¥)=(-1)l*D*( <e)) ),

L=W,(m), n=-2(modp), (:I:(a)a )= (- 1)lel pe e)a p—1— 511)’
J#l
L=Kni1(m), n=-2(modp),
F (@) = (-1)l*/ D= ((x(e c0)yp=3 ] (zlem="" ) a#e,
t#0

define L-module homomorphisms F’: L’ — A(L) or F.r— A(L). Since
DXY) =) (-1)*D*X)D*"*(Y), X, Y €%(L)or X,Y € A(L),

[+

this means that the elements (5), (8), (9), (10), and (13) are central.
In case (7) this argument shows that ¢ € A(W3(m))52(™). We will prove that ¢ €
A(Sz(m)). We decompose ¢ into a sum of elements ¢; and ¢z, where

e = Zl Z (=1)P1 B9, D, (=P,

BET'3(m),8,=0

C2 = El Z (—1)’ﬁ’x(ﬂ)8iDj,k(x(“"ﬁ))

BET3(m),3;>0
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(the symbol Y, signifies that the summation extends over all 1, 7,k € {0, 1,2} such that
sgn (¢ ]1 7) = 1). It is clear that ¢; € A(Sz(m)). Using the replacement 8 = a + ¢;,
where 0 < a; < p™ — 1, as is easily seen, we can represent ¢y in the form

ey = Z(_1)|a|(_Divj(zcx+si+s,')Dj‘k(x(e-a—ej-)) + Di’k(za+5i+5k)Di‘]'(z(e_a~sk))).
a

Thus ¢ € A(S3(m)), and hence ¢ € 3(S2(m)).

In cases (11) and (12) the embedding 7': L, — A(L)L1 is defined in a somewhat more
complicated fashion, and the centrality of these elements can be established more simply
as follows. Note that D°(L) = 0, and for X = IT.<; D; ;(z(®))?~1 when L = S,(m),
X = [1,(zf¢=*))*~! when L = H,(m), we have X € A(L)*°. Consequently, for any
9, € V(L_) we have

i, =P DD(X) =0, (i) = (™ - e, € T1(m).
j#
Also, for any Y € L,

Y, D(X)) = 3 (-1 D(D°~°Y, X)) = 3 (-D)*D*([D* Y, X)) = 0,
[ a#0
since D°Y = 0 and D*"°Y € [o if & # 0. Thus [L,,¢] = 0 and [£_,¢] = 0; hence
[L,2] = 0. Therefore ¢ = D*(X) € 3(L).
Suppose L = Wi(m), m > 1. Consider the subspace M = (e‘itl, e|—-1<i<p™—2)
in the minimal p-hull R(L). Note that M has the structure of an L-module, and the
L-module M’ is defined by the rules

t
! . / N V2ERY)
e;oe_; = —b; 160+ 606 1 + 6 p0-1(e2,),

) t
6—1063'2_69-4—17 -IS]<pm—2a LO(E{I)IIO.

It is easy to verify that the element

2= (Adey )P M (et Meln 2y

possesses the following property (see [4], Lemma 2):
les,2) = —bi,—1(~[e—1,2]) + 8:.02 = & pt_1€pm 5, —1<i<p™ -2
Thus the rule
F((7)) = ~€m_5  F'(é) = ()™ (Ade))*(2), -1<i<pm -2,

defines a homomorphism of the L-module M’ into A(L). It is obvious that M is an
L-submodule of A(L) and that ¢; is an M-generalized Casimir element. This completes
the proof of the theorem.

REMARK 1. The fact that ¢; € 3(L), 0 < t < m, in the case L = W;(m) was
established earlier in (4], and in cases (8) and (9) the inclusion ¢ € 3(L) was noted in
[13] and [14].

REMARK 2. Suppose L is a Lie algebra of Cartan type of depth ¢ and Hom (M, N) is
the space of Lo-homomorphisms M — N, where M and N are Lg-modules. Let C be the
space of L-generalized Casimir elements (we will assume that zero is also a generalized
Casimir element). As can be seen from the proof of Theorem 1, there is a homomorphism

Hom, (L}, A(L)) — C.
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Thus to describe the generalized Casimir elements it is first necessary to find the space
A(L)F1. In the proof of Theorem 1 we used the fact that %(L)£ contains the space of
polynomials P[L,].

Analogously, if C is the space of L-generalized Casimir u-elements, then there exists

a homomorphism _
Homy, (L}, (L)) — C.
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