Central Extensions of Infinite-Dimensional Lie Algebras
A. S. Dzhumadil'daev UDC 517.986.5

It is reasonable to distinguish two kinds of Lie algebras of Cartan type. The first one is defined by
means of algebras of formal power series. In order to define Lie algebras of Cartan type of the second
kind, it is necessary to consider algebras of formal Laurent power series. For example, the one-sided Witt
algebra (the Lie algebra of formal vector fields on the real line)

Wit = (ei]leis ej]=( —i)ewt;» 1,7 2 =1, i, j € Z)
is of the first kind, while the two-sided Witt algebra (the Lie algebra of formal vector fields on the circle)
Wy = <6i I [6,‘, 6]'] :(.7.“'7:)61'-{—1‘) i, ] € Z)

is of the second kind. It is known that the Lie algebra W; possesses a nonsplittable central extension (the
Virasoro algebra)

Vi =(ei, z | {ei, e} = (J —i)eir; + 6iyj,0(i® — i)z, i, j € Z).

The Lie algebra W;' has no such extensions. Actually, many facts are known on the cohomology of Lie
algebras of the first kind (see, e.g., [1]); in particular, they possess no nontrivial central extensions, except
the Hamiltonian algebra that has a one-dimensional central extension (the Poisson algebra).

Therefore, the natural problem on central extensions of Lie algebras of Cartan type is of interest only
for Lie algebras of the second kind. It turns out that our hope to find new central extensions is justified:
Lie algebras of formal divergentless vector fields and Hamiltonian vector fields possess nontrivial central
extensions (Theorem 1). The method of calculating the second cohomology group is based on Proposition 1
of [2], which reduces the computation of H%(L, C) to the study of the first cohomology group of the
coadjoint representation H'(L, L'). Following this line of reasoning, the first groups H'(L, L') for Lie
algebras of Cartan type of the second kind are described; in particular, the Lie algebras of outer derivations
for the Hamiltonian algebra H, and for the special Lie algebra S, are determined (Theorem 2).

1. Statement of the main result. Let U = C[[z}' | ¢ € I]] be the algebra of formal Laurent
power series in variables z; with indices from the set I. We write

si=(0,...,0,%,0,...,0), 9=——Zs,~, x"=Hm§"’, a:Zaie,—, a; € Z.
i i i

Let 9; = d/dz; be the derivation of the algebra U :
0i(z) = a;z%7 .

The general Lie algebra of Cartan type W, is defined as the Lie algebra of derivations of the algebra
Clzf* | ¢ = 1,...,n]]. The remaining three series of Lie algebras of Cartan type are defined as
subalgebras in the general Lie algebra in terms of their actions on certain differential forms. Without
going into the details of known definitions, we now give the definitions of these algebras in a convenient
form. Note that in each particular case the meaning of I will be clear from the context.

The special Lie algebra

Sp = (D € Whiq |DivD=Z@,~(u,~)=0, I={0,1,...,n}), n>2

)

is not simple. Its commutant S, = [S,, S.] is a simple Lie algebra.
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We define the Hamiltonian algebra on the algebra of Laurent series
Ho=(z%|a#6, I={£l,...,+n}), n>1,
with respect to the Poisson bracket

{u, v} =— ngni@i(u)a-;(z}).

1

This algebra has a one-dimensional center, and the corresponding quotient algebra H, = H, /(1) is simple.
Finally, we define the contact Lie algebra on the algebra of Laurent series with odd number of variables

Kpt1 = (&% | I={0,%1,..., £n}), | n>1,
[, v] = Bo(u) A(v) — Bo(v) A(u) — > sgnidi(u)d_i(v), where A(u)= (z -3 xi&-) u.
1#£0 170

For u € U, denote by m(u) the coefficient of z? in the expansion of u with respect to the basis.

Theorem 1. Let L be one of the simple Lie algebras of Cartan type listed above. Then H%(L,C) =0
except in the following cases:

L basic cocycles dim H*(L, C)
Wi | (ud, v0) - m(ud?(v)) ’ 1
Sn | (D1, D2) = w(z; 27 (D1(2:) Do(2;) — Di(z;5) Da(24)) | (n+ 1)n/2
Hn | (u, ) 7 (27 (ud_i(v) = v0_;(v))), 2n+1

(u, v) = 7(z{u, v})

2. Coadjoint representations. Let Q* = P, QF be the space of exterior differential forms with
coefficients in U and with the exterior differential operator é. Let us recall that

QR =U,  QF =(ui,.  ibzi A Abzy, |ir < - <ig, ir,...,ix€I1), k>0,
and the operator §: Q% — Q%+ is given by

ou = Z@i(u)&vi, ue, SwAW) =b6wAw +(-1)fuAbde, wek

Recall also that the natural action of W,, on U extends to an action of W,, in the space 2* by the rules
D (éu) = 6(Du), DwAw)=DwAw' +wADuw'

Let
ZFQ) = {w € Q% | bw = 0)

be the space of closed k-forms, let
BH(Q) = (6 |n e Q¥

be the space of exact k-forms, and let

HY(Q) =P ENQ), BN =2ZQ)/B*Q),
k

be the space of de Rham cohomology.
Equip Q% with another W,-module structure:

(D)tw = Dw + t(Div D)w, teC.

Denote the module thus obtained by (Q%);. Also, let U; be the twisted K,4i-module defined on
U=C[zF' |s=0, %1, ..., +n]] by the rule

(w)ev = [u, v} + (& — 2)Oo(u)v.

248



Proposition 1. Coadjoint L-modules L' and corresponding pairings (L, L') — C are given by the
formulas

L= Wn, Ll = (Q,ll)l , (Zu,’a,', Z'Uj&l?j) == W(Zuiv,) ;
i 7 i

L=Se, =B, (D, 6 Toude)) = @) - 2,00).

s
L=H,, L'=H,, (v, v) =n(uv),
L=Kny1, L' =U_z(nt2), (u,v) =7 (uv).
The proof is similar to the case p > 0 [3].
Corollary. The Lie algebras Sz and H, possess nondegenerate symmetric invariant forms.
In the sequel the following analog of the Poincaré lemma is useful.

Proposition 2. The space H*(Q) of de Rham k-cohomology is generated by the classes of differen-
tial forms a:,-_ll---mi:l(?aril Ao ANdzy, 1y < -+ < tg, these forms constitute o basis, and there 1s an

isomorphism

HYQ) = AkCH,
where |I| is the number of elements of the set I.

3. First cohomology groups.

Theorem 2. For a Lie algebra L of Cartan type, the 1-cohomology space HY(L, L') of the coadjoint
representation is trivial, except in the following cases:

L basic cocycles dim H*(L, L")
Wy | ud — 93(u)éz 1
Sn | D D(x{’lel&c,'/\&cj), (n+1)n/2+4 6,2
D; j(u) = (—1)*6(A(u)dzs), C-—35)j—s)#0, n=2
Hy fuws 2710-i(u), i==+1,..., %n, 2(n+1)
u e {27, u},
Arz®— (2-% i)z

Corollary. For L =5, , the space of outer deriwations Out L is four-dimensional, and the classes of
derivations admi_lxj—l@s , G=g)Ni—s)(—s)#0, and ad}_, z;0; constitute a basis; for L = H,, this
space is 2(n + 1)-dimensional, and the classes of derivations z7'0_;, adz?, and A constitute o basis.

It can be proved that other simple Lie algebras of Cartan type, except S, , possess no outer derivations.

Before passing to the proof of Theorem 2, we recall some facts on cohomologies and on Lie algebras
of Cartan type. Let M be an L-module, let H be a Cartan subalgebra in L, and let C*(L, M) =
@, CHL, M) be the standard cochain complex of the Lie algebra L with coefficients in M and with
coboundary operator d; let Z¥(L, M) = (¢ € C¥(L,M) | dp = 0) be the space of k-cocycles,
let B¥(L,M) = (dp | ¢ € C*Y(L, M)) be the space of k-coboundaries, and let H*(L, M) =
P, HYL, M), H¥(L, M) = Z*(L, M)/B*(L, M), be the cohomology space of the L-module M .
For example, the space Z%(L, C) of 2-cocycles of the trivial module (Da =0 forall D € L, a € C) is
generated by bilinear skew-symmetric mappings ¢¥: L X' L — C such that

% (D1, [D2, Ds]) +¢(D2, [Ds, Di]) + (D3, [D1, Do]) =0,

and the space B*(L, C) of 2-coboundaries consists of skew-symmetric bilinear mappings df: L x L — C
constructed from the linear functionals f: L — C by the rule

df([Dy, Da]) = —f([D1, D3)).
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If L and M are semisimple H-modules, then the H-module C*(L, M) & A*(L') ® M is also
semisimple. Therefore C*(L, M) can be decomposed into the direct sum of H-submodules C}(L, M)
formed by H-proper cochains whose proper values (weights) A are linear functions on H . Moreover,
C¥(L, M)=@,C5(L, M) forms a cochain subcomplex with zero cohomology for A # 0. Thus we have

H*L,M)= H{(L, M),  H§(L,M)=25(L, M)/Bs(L, M).

In the sequel, replacing C*(L, L') by Cg(L, L"), we shall assume that all cochains f € C*(L, L') under
consideration satisfy the additional condition

hf(D) = f([h, D)), VheH,VDelL. (1)

It is easy to see that the actions of standard Cartan subalgebras H in L are semisimple in L and
I' and that the standard basis vectors are proper with respect to these actions. Let L = @, Lq,
L' = @, L', be the corresponding decompositions. To be more precise, the root system forms an infinite
abelian group, and we identify it with ZdmH — 7 @ ... Z. Denote by ¢ the linear functionals
H — C such that e}(h;) = §; ; (the Kronecker symbol). Then the root subspaces L, and the mappings
T7: L — H', T': L' — H' that map the basis vectors from L and L' into their roots, are given as
follows.

L=W,, H=(hi=2:0;|i€I={1,...,n}), Lo=(2P0; | Bi—6ij=ai,i,j€I),
T(2P0;) = (Bs = 8s,5)ess  T'(2P6a;) =) (Bs+ 65,6 +1)el;
L=Sn, H=(hi=$,‘ai—$oao|i=1,...,n>,

Lo = (D; ;(z) ¥ 8,(27)8; — 0;(z7)8; | B — & —ej = a(mod8), i, j € I),

T(Dz‘,j(xﬁ)) = Z(ﬂs —~6i,s— 6j,5)€, (mod @'), T'(8(zPéz;)) = Z(ﬁs +6;5)€" (mod §);

s=0
L=H,, H=(hij=z_;z;|i=1,...,n), Lo={(2f |Be—Bs=0a,,s=1,...,n),
Ta)=Y(fe=bdeh  TE=TE);
L=Ku1, 8=1T11T=(h0=:v0,h,-=:c_,~313,-]i::1,...,n),
La=<xﬂ 2—2ﬂ0—2ﬂ3=a0, Bs ~Pos=as, 8=1,... ,n>,
570

T (zP) = (2 — 2B — Zﬂs>56 + Z(ﬂs - B_s)el, T'(2P) = T (2”) — 2(n + 3)¢p.-

37#0
Here in the case L = S, , we mean that L (in particular, H) is embedded in Wy41 and the root o is

taken as the corresponding root of W4y modulo 6’ = —37"_ e! . Thus, L is a multigraded Lie algebra
and L' is a multigraded L-module:

[Lo,, Lﬂ] (_: La+ﬂ7 La o] L,ﬂ (_: L;_*_ﬂ.
Let Ut = C[[z; | i € I]] be the subalgebra in U consisting of formal power series, and let LT be the

corresponding subalgebra (a Lie algebra of Cartan type of the first kind) in L with the standard grading
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®t> 2 L{ in L*:

LY =W} =(2P0; | 5; >0, iel), L;r=<zﬂajjzﬁ,-=t+1>,
=SI :Snan-l—lv Lj— =Snﬂ(W:+1)t7
LY =B =" [8£0,...,0, fiz0,ieD), Lf=(s"|Y pi=t+2),
It = Kf = (e (420, i€ 1), mf = (s 1 v 280 =t +2).
1#£0

Introduce the subalgebra J(L) = @, , L; . Note that J(L) = L}, except for the case L = Kp4; , when
we have J(L) =LY, +L7,.

Recall that for a subalgebra ¢ and an L-module M, the space of relative cochain complex
C*(L, Q, M) consists of cochains ¢ € C*(L, M) such that ¥(D,...) = 0, provided at least one
of the arguments D belongs to Q. Recall also that the 0-cohomology space H°(Q, M) coincides with
the space of invariants M@ = (me M |gn =0, Vg€ Q).

Lemma 1. The following relations are valid:

H(J(Wa), Wp)= (A = (6z; |i€l),  T'(8z:)=¢ei+6,
H(J(Sn), Sp) =A% = (6z; Néz; |i,j€I), T'(8z; A bzj) = €; + €} (mod §"),
HY(J(H,), H,) = (z; |i € I}, T'(z;) = sgnie;,

HY(J(Kn41), Kpnpn) = (1), T'(1) = —2(n+2)e,.

Lemma 2. For a szmple Lie algebra L of Cartan type (of the second kind) and its subalgebra LT we
have

ZY (L, LT, LY =0.

Proof. Let ¢ € Z*(L, L*, L'). Then Kery = (D € L | ¢(D) =0) 2 Lt . Below we shall construct
the elements A4; € Kery, ¢ € I, that, together with Lt generate L. The relation t(4;) = 0 will follow
from the cocycle condition of the form di (4;, A}) = 0 for elements A} € L+ such that [4;, A]] e LT,

For L =W, set A; = mi_lai , A?L = z39; . Since

T (2716;) = —2¢i, z30:(L,..) C (-3 + 263,1-):1:;1:695% |sel),

we see that the kernel of the mapping z3d; : L', — Ly is zero. Hence, the condition Kerty) D LT

and (1) imply the relation 0 = dy(A;, A7) = AF¥(4;) = ¥ (4;) = 0. Similarly, in other cases it is
sufficient to set

L=Sn, A,——— _1(9 -l-.'I) x]aj, A;*::cfﬁj,:c‘faj, i%j,i,jEI,
L=H,, A=zt Af =z ;23
L=FKny1, Ai=z7", Al =z iz, z_s22.

Lemma 3. For a simple Lie algebra L of Cartan type (of the second kind) we have H*(L, J(L), L') =
0, exzcept for the case L = Wi, where H*(Wy, J(Wy), WY) = (8%: ud + 8%(u)bz | u € U) is one-di-

mensional.

Proof. Let ¢ € Z'(L, J(L), L'). By Lemma 2, we need consider only the case ¢ ¢ Z'(L, Lt L').
Then there exists a ¢ > 0 such that (D) # 0 for a certain basis vector D € L, but g/)(D) =0
forall D € Ly, 0 <% < ¢t. Hence the cocycle condition di (I, D)=0, l € J(L), implies l4)(D) =
= ([l, D]) 4+ D+ () = 0. Thus, from (1) and Lemma 1 it follows that ¢(D) € (L)7D)
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On the other hand, for the nilpotent subalgebra £; = @),5; LT we have
L1 +L2 for L=W1,

I in other cases,

Hl(ﬁl,C):El/[ﬁl,El] ={

and

dp(D,D)=0, Del;, Del; 0<i, i<t = (D,D]))=0.

Thus, from (1) and Lemma 1 it follows that only the following cases are possible: L = Wy, D = 230
and L = H,, D = z_,z,z; for s # —i. Indeed, in the first case there arises a nontrivial cocycle
such that 1 (ud) = 3*(u)6z . The second case is impossible: the condition di(z2,, z3z;) = O implies

Y(z_szez;) = [22,, ¥(ziz;)] € (zi), ie., ¥ (D) =0.
Proof of Theorem 2. For L =W, by (1) we have:

1/) € Zé(L, Ll) = zb(@z) == Z)\i,jmi_lmj“lxgéxj = a,' (Z —Ai,j(l + 51”]')_1.’17;-—11‘95.’11]') 5
i J

because T(8;) = —¢;, L., = (xi_lw;flm%zj | 5 € I}. Moreover, 0 = dy(0;, 9;) = 8i1p(9;) — 039 (6,
i = A\j=2Xj;/2, 1#]. Finally, for L =W, we have

8(0) = =0, L0522 %z, ).

In other words, if we set f = 3, (/\],]/2)30_1 96z;, then the cocycle ¢ = 1 + df is contained in
ZY (L, L-1, L'"). It remains to apply Lemma 3 to achieve the proof in the case L =W, .

Similarly, making use of condition (1), the cocycle conditions di (I, l) =0, 1,1¢€ J(L), and the
following facts:

L=25S,, T(&)=-¢;(modf),
d(mflx;léa:i A 6:Cj)8i = 5(:Ci_1$;15$j), ad h(0;) = —0; (h = ina,) ,
L=H,, T(z;)=sgnic;, 210;(z;) = x:} , ad xg(mi) = g0 A(x,-) =2z;, iel,
L:I{n.*_]_, T(1)=266,
we find that for some f € C*(L, L") the cocycle ¢ =+ + df satisfies the following conditions:

L=35,, L,Q(a')e(5,,251',33;—21:;16:8,'/\533]'|j€I>,iEI,

L=H,,  o(z)€ el o’ z), i€l

L———-Kn_H, (,9(1)——-0.

In other words, adding to ¢ a certain linear combination of cocycles described in Theorem 2, we obtain a
cocycle belonging to the space Z'(L, J(L), L'). Hence Lemma 3 implies that the cocycle classes listed
in the statement of Theorem 2 generate HY(L, L'). It remains to show that they really form a basis.

Since the case I = W; is well known, we begin with the case L = S, . Consider the exact cohomological
sequence of the corresponding short exact sequence

0 — B%(Q) — 2%(Q) — H*(Q) — 0.
We have
0— H%L, B*Q)) — H(L, Z*(Q)) —» H(L, HY(Q)) —» HY(L, B*(Q)) — ....
By Proposition 2, the classes 6f differential forms a:- _15a:, Aézj, i < j, constitute a basis of the space

H2(R). Moreover, B2(Q)L = Z2(Q?)? = 0 and the action of L in H*(Q) is zero, so H(L, H*(Q)) =
H?(Q). Thus, the Bokshtein homomorphism

d: HY(L, H}(Q)) = H*(Q) = (z; 'z} 6z A bz | i < j) » H'(L, B*())
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is a monomorphism. This implies that the classes of cocycles
DD,z e 6z Abz],  i<j,

form a basis of H(S,, B*(?)), n > 3. Inthe case n = 2 we note that the rule D; ;(u) — (—=1)%6(uéz,)
defines an isomorphism of modules

S 2 B*Q) (- 7)(E-s)7—s)#0)
This isomorphism maps the classes of cocycles mentioned above into the exterior derivations adz; 1:1:;163
((t = j)(i —s)(j — s) # 0). The centralizer of the subalgebra S; in W; is zero, and this implies that the
latter derivations together with the derivation adh (h = ), 2;8;) really constitute a basis in Out S, .
Let L = H, . Suppose that for a certain linear combination ¢ =3, aix:}a,- +badz? + cA we have
o =du, u € L. Since the projection of the subspace 8_;(L) onto the line z~} is zero and L contains

J
no elements of the form z?, it is evident that

o(z;) = ajm:;- + bzf-i 4 cr;=sgnjo_j(u) = a;=b=c=0, jel 0O

Proof of Theorem 1. From [2, Prop. 1] it follows that there exists an embedding H?*(L,C) —
HY(L, L'). To be more precise, H*(L, C) is isomorphic to the subspace H'(L) generated by the classes
of cocycles ¢ € Z*(L, L') satisfying the relations ((l1), Iz) + (¥ (I2), I1) = 0. It is easy to see that all
cocycles mentioned in the statement of Theorem 2, except adh (L = S;), and A (L = H,,), satisfy these
relations. Consider the exceptional cases. Evidently,

(B, Dij(z%)] = (la| = 2)Ds,(z%), ol =) a.

Thus, the expression for L = 5,
([7s Di,j ()], Di,s(2%)) + (Di,j(2%), [h, Dio(2)]) = £2(|a] +1) Satp, 04,
is not identically zero. The same is true for the case L = H,,:
(A(e®), o) + (2%, A(e?)) = 2(n + 2)(=1)*8asp,0.

The theorem is proved.
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