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Abstract. Cohomologies of Lie algebras are usually calculated using the Chevalley-Eilenberg
cochain complex of skew-symmetric forms . We consider two cochain complexes
consisting of forms with some symmetric propert ies. First. cocha ins C' (L) are
symmetric in the last 2 arguments, skew-symmetric in the others and satify
moreover some kind of Jacobi condition in the last 3 argument s. In characteristic
0, its cohomologies are isomorphic to the cohomologies of the factor-complex
C· (L, L') jC·+I (L ,K ). Second, a symmetric version C~ ( A ) is defined for an
associative algebra A. It is a subcomplex of the cyclic cochain complex . These
symmetric cochain complexes are used for the calculation of 3-cohomoJogies of
Cartan Type Lie algebras with trivial coefficients.

(Co )110III0 logies syllletriques des ulgebres fie Lie

Resume. US cohomologies usuelles des algebres de Lie sont definies par des formes multilineaires
anti-symetriques. Nous considerons deux complexes de CDc/wines qui se composent de
formes avec certaines proprietes de symetrie. La cohomologie symetrique I/'(L) d'une
algebre de Lie L . les cohomologies de Chevalley-Eilenberg du L-module coadjoint et
du Limodule trivial definissent line suite exacte de cohomologie :

La cohomologie syrnetrique cyclique ti;(A) d'une algebre associative A, la
cohomologie cyclique I/;(A) et la cohomologie de l'algebre de Lie A definissent
une suite exacte de cohomologie :

Nous utilisons les cohomologies symetriques pour calculer la 3-cohomologie des
algebres de Lie du type de Cartan.

Note presentee par Alain CONNK'i.
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Version Irenceise abregee

On suppose que K est un corps de caracteristique 0, L une K -algebre de Lie. On designe par
Ok(L) I'espace des applications rnultilineaires de ViJk+2 dans K , qui verifient les identites suivantes :

'ljJ (Xl' ... ,Xk, X,y) = sgn a 'ljJ(Xa(l) , . . . , Xa(k) ,X,y) , 'Va E Symj, ,

VJ(Xl"" ,xk,X,y) = 'ljJ( Xl"" ,Xk,Y,X),
VJ(Xl ," " Xk- l , :1:, Y,z) + 'ljJ(Xl , ' " ,Xk-!t Y, Z , x) + 'ljJ(Xl"'" Xk-b Z , x ,y) =O.

Soit 0* (L) la somme directe des groupes Ok(L). L' operateur s : Ok(L) -+ Ok+! (L) :

S'ljJ(Xl' ... ,Xk+3) = I: (-I)i'ljJ(Xl' . . . ,ii , ... , [Xi,XJ], Xj+l, ... ,Xk+3)
1:5 i<i:5k+3,i#k+2

est un operateur de cobord : .~ 2 = O. L'espace de cohomologie l/*(L) correspondant s'appelle la
cohomologie symetrique de L.

Soient A une K -algebre associative, A I'algebre de Lie correspondante, C~ (A) Ie complexe de
cochaines cyclique. On designe par O~(A) Ie sous-complexe de CHA), tel que O~(A) = {'ljJ E
C~(A) : ~aESymk (sgn a)a'ljJ = O} .

La suite de complexes

0-+ C*+2(L ,K) -+ C*+!(L,L') -+ O*(L) -+ 0

est exacte et definit une suite exacte de cohomologie :

La suite de complexes

o-+ O~(A) -+ C~(A) -+ C*+!(A, K) -+ 0

est exacte et definit une suite exacte de cohomologie :

Nous utilisons les complexes de cochaines symetriques pour calculer les 3-cohomolog~s des
algebres de Lie du type de Cartan L = W,,, Sn(n > 2), lIn ' Kn+1; nous montrons que, si L = WI
(resp. W2, Sn et lIn), alors dim 1I3(L, C) = 1 (resp. 2, (n 3 - n)/G + 1 et 2n2 + n + 1). Dans
les autres cas, 1I3(L, C) = O.

We are interested in the cohomologies of two-sided Cartan Type Lie algebras over a field of
characteristic O. In [I], the 2-cohomology groups of such algebras with coefficients in the trivial
module is computed. It was proved that, except for the Virasoro algebra, there are two new series of
Lie algebras of vector fields that have nontrivial central extensions. We compute here the 3-cohomology
groups for two-sided Lie algebras of formal vector fields.
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Let L be a Lie algebra of one of the following series:

Wn = Der C[[Xt=I, ... ,x;l]],
Sn = {D E Wn+1 : D(ws) = O}, Ws = dxo A ... A dxn,
it; = {D E W2n : D(WH) = O}, WH = dX_I A dXI + ... + dX_n Adxn,
Kn+l = {D E W2n+1 : DWK =WK}, WK = dxo + dX_I A dXI + ... + dX_n A dxn.

By a Cartan type Lie algebra, we understand a simple Lie algebra of these series. Namely, W" and
K n+l are simple, but Sn = [Sn, Sn],Hn = [lin' iin]/c. Lie algebra of special type S" are generated
by derivations without divergence. Let a, = d/dxi,B = (1, ... ,1),0 = (0, ... ,0). For u E U =
C[[xt l

, i E I]], we denote by 7r( u) its coefficient at x:", The Hamiltonian algebra itn can be defined
on the space U = C[[xI~, ... , xI;,]] by the Poisson bracket [u, v] = L:~l 0-.(u)a,( v) -a-i(V)Oi( u).
Then IIn = {xl>! E U : Q f; 0, -B}. Let ~ = 2 - L;:±l x,a,.

THEOREM 1. - Let L be a simple Lie algebra of Cartan series Wn, Sn (n > 2), H", K,,+1' Then
H3(L, C) = 0, except in the following cases:

L = WI H 3(L , C) ~ H 2(L , L') = {d lux A a3} ~ C;

L = W2 II 3(L, C) ~ II 2(L, L') = {1/Jrr : (ua" Vaj) 1-+ d[a,(u), o, (v)],

1j;~ ; (ua..,vaj) 1-+ daJ(u) A (Wi(v)} ~ c 2
;

L = Sn H 3(L ,C) ~ 1I2(L, L') =' {1/Jr : (ua" Vaj) 1-+ daj(u) A dai(V)}

+ {ad ln z, A ad lux) A ad luxs , i < j < s] ~ CC
n l

- I),, / 6+ 1;

L = tt; 1I3(L, C) ~ j[2(L, L) = {adlux, A adluxJ , i < i. adx- 8 A adluxi,

~ A adx-8 } ~ C2n 2+,,+1.

Here we use the notation of [5]. Our calculations of cohomology groups of trivial module are
based on the connection between cohomologies of trivial module and coadjoint module. Namely, in
[4], the homomorphism of cochain Eomplexes C*+1(L, K) -+ C*(L, L') was constructed. Denote the
corresponding factor-complex by C* (L). Any short exact sequence of cochain complexes has long
cohomological sequence. In our case this means that the following long sequence Q of cohomology
groups is exact:

In particular, there exists a monomorphism II 2(L, K) -+ II1(L, L'). The descriptions of central
extensions in The existence of the long homological sequence Q was also observed in [10] and [14].

Here we observe that the factor-complex 0*(L) is equivalent to the cochain complex C*(L) (if the
characteristic of the field is 0) with coboundary operator s that we construct below.

Let L be a Lie algebra over a field K and MaL-module; let Tk(L, M) = Hom(V~k, l\.f) and
Ck(L, M) = IIom(Ak L, M), and let C*(L, M) = tBCk(L, M) be the Chevalley-Eilenberg cochain
complex with coboundary operator d. Define an action of the symmetric group Sym, on Tk(L, l\.f)
by the rule a1j;(xI, ... ,Xk) = 1/J(Xtr(I), ... ,Xtr(k»)' Let a, be the transposition (i,i + 1), and v(i,·k)
be cyclic permutation (i, i + 1, ... , k). Let .J : Tk+2(L, K) -+ T k +2(L, K), be such that

.J1j; = (v(k, k + 2) + v(k, k + 2)2+ v(k, k + 2)3)1j;.
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DEFINITION. - We define Ck(L) as

{
'l/JE Tk+2(L, K) : {a,'l/J = -'l/J ~f ~ s i < k,} and .J1/J = o}

a,'l/J=1/J If'l=k+l

For an associative algebra A, we denote by A its Lie algebra with commutator [:r, 11] = :1:y - yx, by
CA(A) and IIA(A) its cyclic cochain complex and cohomologies under cyclic coboundary operator b
respectively, (see [12]). Recall that Ck(A) = {-~J E Tk+1(A,K): 1.1(I,k+ 1)'1/) = (-I)k'l/J}.

DEFINITION. - Ck(A) = {'l/J E Ck(A) : LI7ESym H l .17(k+1l=k+1 sgn o a'l/J = O}.

Define an operator s : Ck (L) -+ Ck+1(L) by the rule

.'I'1/J(J:1"",Xk+3) = L (-I)i'l/J(X1, ... ,Xi, .... XJ-1,[Xi,XJ ], ••• ,Xk+3).
1~'<J~k+3,i~k+2

PROPOSITION I. - The operators is well defined and .'1
2 = O. If P = charK is O. then for any

k > 0 there is an isomorphism of cohomology groups jjk(L) ~ lik- 1(L). lfp::j; 2,3, then the same
is true for k = 1,2.

Notice that .'I is similar to the Loday coboundary operator, (see [12) and [13]). Consider L as a
Leibniz algebra and M as a symmetric module over L. It was observed in [12] that II2 (L, M) is a
subspace of Loday cohomology group IIL2(L, AI). Thus we may consider

as a space of pure Leibniz extensions of L. Non-commutative extensions of Cartan Type Lie algebras
are described in [6].

Let L' be the coadjoint L-module. Consider the folowing operators:

ao+ '. Ck+2(L, K) -+ Ck+1(L, L'), ith + ( )() ( )WI ao (} Xl, ... ,Xk+1 Xk+2 =(} Xl,' .. , :Ck+2 ,

a+1 ·.Ck+1(L,L')~C-k(L), ith +r-l {::.I+ {::.I~ WI a1!J =.1 ak+1 .I,

a-I '. C-k-1(L) -+ Ck(L, L'), ith ( - )( )() '"" ( l)i (A )()WI a1"Y Xl, ... ,Xk X = L..J - "Y ••• ,Xi,··.,Xk Xi,X.
1~i9

The sequence of cochain complexes

a+ a+
0-+ (C*+2(L, K), d) ..2.(C*+1(L, L'), d) 4(C*(L), .'I) -+ 0

is exact and has the following exact cohomological sequence

The space CO(L) coincides with the space of symmetric bilinear forms S2(L,K), and liO(L)
coincides with the space of symmetric invariant bilinear forms.
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For an associative algebra A, we definet wo operators

q+: C~(A) ---+ Ck(A,A') , q+'l/J(XI,,,, , :Ck)(X) = L sgna'ljJ(:Z:t1(l)"",XlT( k ) , X ) ,

lTESYlIIl

q- : Ck(A, A') ---+ Of (A) , q" 'I/)(:CI, ... , :ck+d = '1/)(XI, , .. , :Ck)(:Ck+l)'

As an easy consequence of results in [12] we obtain that the sequence of cochain complexes

- +
o ---+ (C~(A),b) ---+ (C~(A) ,b)a~ (C·+1(A,K),-d) ---+ 0

is exact and has the following exact cohomological sequence

PROPOSITION 2. - ti » f; 2 and lJ f; 3, then
J. III(L, K) ~ IIO(L, L') .
2. 1I2(L ,K) ~ fII(L) = {['I/)] : '1/) E ZI(L, L'), 'I/](:I:)(Y) + 'I/)(Y)(:I:) = O} is a direct summand of

III(L,L') . /fall symmetric invariantforms on L are trivial. then l/2(L,K) ~ [P(L ,L').
3. Let fI2(L) = n'l!] : '1/1 E Z2(L,L'),'l/I(:C ,1I)(Z) + 'r/)(:C,Z)(lI ) = r([:c ,lI],Z) + r(lI,[x,z]), for

some r E S2(L , K) }. 11/ fI2 (L) one can find a basis consisting of classes of cocycles from 22(L).
/f all symmetric invariant forms on L are trivial, then 1I3 (L , K) ~ fl2(L). If L is simple and has
nondegenerate symmetric invariant form ( , ), then 1I3 (L , K) has direct summand isomorphic to
fI2(L) and the additional summand is generated by the cohomological class of the cocycle D( , ),
where ['0] : S2(L,K)L ---+ 1I3(L ,K ) is a Koszul homomorphism: D( , )(:r.,y,z) = (:1:, [y,z]) ,
(see [11]). There is an isomorphism 1-{2 (L, K) ~ ker[D].

4. If A is an associative algebra. then fIk(A) = O)~ = 0,1 , and fIi(A) = {'I/) E S3(A, K) :
'r/J (x ,y, zt ) + 'l/1( :I:y,Z,t) = 'l/I(t ,:r. ,yz) + 'I/)(t:J:,y,z)}.

Remark. - The origin of our constructions is the Weyl Algebra I\*(L) 0 S·(L). Set c-ru: =
Ck-"(L, S"(L)), c·,r'(L) = $kCk" '(L). The following locally finite sequence of cochain complexes

is exact. In particular, the cochain subcomplexes C·,r' = ker a; form an exact sequence of cochain
complexes:

0---+ C·" '(L) ---+ C·" '(L) ---+ C·,'·+1(L) ---+ O.

Therefore the following exact cohomological sequence holds

Our sequences arise from these sequences for r = 0 and r = 1.
The proof of Theorem I follows from the description of the second cohomology group of Cartan type

Lie algebras (with coefficients in the irreducible tensor modules (see [5]), in particular in coadjoint
modules) and from Proposition 2. One can obtain exact formulas for cocycles from 22(L ), whose
cohomological classes give the basis of fI2(L). Consider, for example, the cases L = lV..,n = 1,2.
For L = lVI, the basic 3-cocycle in Z3( lVI, K) corresponding to dln :r. /\ iY is the Gelfand-Fuchs
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cocycle (see [9]): the value of this cocycle on (uD, va, wD) is the determinant

U 11 W

U' v' w'
u" v" ui"

at x = 0 (here u = u(x), v = v(x), w = w(x), u' = Du/ax}.
For L = ~V2, we have:

ao1/JIr(X, Y, Z) = 1r([Div(X), Div(Y)J Div(Z»,

(where [".J is Poisson bracket). But at1/Jl~ i 0, and the construction of

is slightly more complicated:

1/J2(uD1> VOl) = (~02[D1U,01VJ - D1([D1u,D2vl + [02 U, ol vD) dX2 - ~DdD1u,01vJdx1 '

1/J2(U01,vD2) = (-DdD2u,01VJ + ~Dd01U,D2VJ - D2[01U,01VI)dX1'"

.,. + (-D2[02U,01 vJ + ~D2[a1u,D2vJ - Od02u,D2vJ)dX2,

1/J2(uD2,V02) = (~odD2u,02vJ - 02([02U,01 VJ + [D1 U,D2VD)dX1 - ~02[a2U,D2vJdx2 '
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