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COHOMOLOGIES AND DEFORMATIONS OF RIGHT-SYMMETRIC
ALGEBRAS

A. Dzhumadil’daev 512.664.3, 512.664.8

An algebra A with identity (aob)oc—ao(boc) = (aoc)ob—ao(cob), is called right-symmetric.
The cohomology and deformation theories for right-symmetric algebras are developed. The cohomology of gl,,
and half-Witt algebras W[*¥™, p = 0, W1 (m), p > 0, are calculated. In particular, one right-symmetric
central extension of W{*¥™ is constructed.

1. Introduction

An algebra A over a field K of characteristic p > 0 is called right-symmetric [26], [19] if for any a,b,c € A,
the following condition takes place:

ao(boc)—(aob)oc=ao(cob)—(aoc)ob.

Any associative algebra is right-symmetric. For example, gl, under the usual multiplication of matrices is
right-symmetric. An algebra of vector fields K[[z*!,...,zE"]] under multiplication ud; o v8; = v8;(u)d; gives
us a less trivial example of right-symmetric algebras. It is not associative. Since its Lie algebra is isomorphic
to the Witt algebra W, we call it a half-Witt algebra and denote it by WZ*™. If n = 1, this algebra satisfies
one more identity:

ao(boc)=bo(aocc).

Such algebras are called Novikov algebras (1], [21]. The generalization of the Novikov structure for the case
n > 1 is possible if we consider the half-Witt algebra not with one, but with two multiplications. If we endow
K{[z*,...,z*']] with the second multiplication u; * v8; = 8;(u)vd;, then we obtain an algebra with the
following identities:

ao(boc)—(aob)oc—ao(cobd)+(aoc)ob=0,

a*(bxc)—bx(axc)=0,
ao(bxc)—bx{aoc)=0,
(axb—brxa—aob+boa)*xc=0,
(acb—boa)xc+ax(cob)—(a*xc)ob—bx(coa)+ (b*xc)oa=0.

These two multiplications are useful in constructing the right-symmetric, Chevalley-Eilenberg, and Leibniz
cocycles of such algebras.

We develop the cohomology theory for right-symmetric algebras. We endow the right-symmetric cochain
complex Cry,..(A, M) = &C},,..(A, M), where CFEL (A, M) = Hom(A ® A*(A), M),k > 0, with a pre-
simplicial structure. The respective cohomologies can be “almost” obtained by the derived functor formalism.
The exact meaning of the word “almost” can be found in Sec. 2.5. Roughly speaking, this means that one

should be more careful while considering the small degree cohomologies. If we take C° (A4, M) as M, then

rsym
we should consider the operator d,,ym with a cubic condition d2,,,, = 0 [17]. We prefer taking C?,,,.(4, M) as
Kerdi,,, on M, ie., C, (A, M) :=M"** :={meM:(m,a,b) =0,Ya,b € A}. Then with any m € M,

we can associate 2-right-symmetric cocycles, V(m) : (a,b) — (m,a,b). We call such cocycles standard. If
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m € M"'* then V(m) = 0. If m € M, then the cohomological class [V(m)] = 0, because V(m) = dw, where
w(a) = [a, m]. Moreover, this is true if M is a submodule of some right-symmetric A-module M, and m € M
is such that [a,™m] = aom—moa € M,Ya € M. If n € M is such that d,,mm(a) € M, then V(1) can give
a-nontrivial class of 2-right-symmetric cocycles in Hfsym(A, M). For example, the Osborn 2-right-symmetric
cocycles for A = W{¥™(m),p > 0, that appear in constructing simple Novikov algebras,

(ud,v0) — zF" luvd,

(ud, vd) = zF" 2uvd,
are V(zP"*19), and V(z?" 8), respectively.

If k > 0, the right-symmetric cohomology HE!L (A, M) is isomorphic to the Chevalley-Eilenberg coho-
mology HE, (A, C*(A, M)), where the A#*-module structure on C*(A, M) is given in a special way: [a, f](b) =
—d,sym f(b,a). We also endow the right-symmetric universal enveloping algebra with a Hopf algebraic struc-
ture. This allows us to consider cup products, which are very useful in cocycle constructions.

The second cohomology space Hf,ym(A, A) is interpreted as the space of right-symmetric deformations.
We calculate the right-symmetric cohomology of the matrix algebra gl,, p = 0. We prove that, in the
category of irreducible antisymmetric gi;?™-modules, the nontrivial cohomology appears only in the case
of M = (gl,)ant;- Moreover, the right-symmetric cohomology of gl;*¥™ in (gl,)ans can be reduced to the
Chevalley-Eilenberg cohomology of the Lie algebra gl, with coefficients in the trivial module:

H,{‘,‘;}n(gl,,, (9ln)anti) = H{:c(gln,lc), k>0.

In particular, Hf;;}n(gl,,,lC) = 0, k > 0. We also calculate the right-symmetric cohomology of gi,, with

coefficients in the regular module. These results show that gl, has (n? — 1)-parametrical nontrivial right-
symmetric deformations. Any formal right-symmetric deformation of gl, is equivalent to the deformations
given by
(a,b) > aob+ttrb[X,a], X € sl
One can choose an extension in yet another way:
(a,0) > aob+tX o((tra)b—tr(aob)+ (trb)a)
+8{tratrb— (traob)®’X® — (tratr(X ob))X — (tr(@ao X)trb)X} +---.

We prove that the right-symmetric cohomology of A = W *¥™ with coeflicients in antisymmetric modules
can also be reduced to the Chevalley-Eilenberg cohomology of the Lie algebra W,,. As it turns out, the space
Hf,ym(A, A) for A=W,, p=0, or A= W,(m), p > 0, is too large, and mainly this happens because the
space of right-symmetric derivations is large. There is an imbedding

Zl (A’ A) ® Hl];c(A! U) - Hr?aym(A) A)

rsym
We prove that Z,‘,ym(A, A) has a basis consisting of right-symmetric derivations of two types: &;, i =1,...,n;
if p > 0, one should also consider derivations 3,?*", 0 > k; < my; and z;0;, i,j = 1,...,n. So, any right-
symmetric derivation of A has the form Y2, u;8; + d(p > 0) Tr, Yrig' /\,-,,,,.Bfk *, such that 8;8;(u,) = 0,
i,5,8 = 1,...,n, Ay, € K. We formulate a result about the local deformations of W;,, p = 0, or W, (m),
p > 3. The space HZ, . (W,, W,), p =0, is generated by classes of cocycles of four types. In the case p > 3,

rsym
Steenrod squares also appear. We prove that W[*¥™ has exactly one right-symmetric central extension. It

can be given by the cocycle
(ei, ;) = (5 + 1)jdiyj—1, P=0,
(e;,ej) = (—1)i5;+j,pm_1, p>0.
Forn > 1, H% (W, K) = 0.
Regarding right-symmetric algebras, Novikov algebras, and some cohomology calculations, see also [13],
(18], [22], (23], {3], [4], and [25].
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2. Right-Symmetric Algebras and (Co)modules

2.1. Right-symmetric algebras

An algebra A over a field K with multiplication (a,b) > a o b is called Lie-admissible if the vector space
A under the commutator [a,b] = aob—~boais a Lie algebra. An algebra A is right-symmetric if it satisfies
the following identity:

(aobyoc—ao(boc)=(aoc)ob—ao(cod), Va,bcec A

Let (a,b,c) = ao(boc)— (aob)oc be the asssociator of elements a,b,c € A. In terms of associators the
right-symmetric identity is

(a,b,¢) = (a,¢,b), Va,b,c € A.
The right-symmetric algebra A is Lie-admissible. Similarly, one can define the left-symmetric algebra by the
identity

(a,b,¢) = (b,a,c), Va,b,c € A.
Categories of left-symmetric algebras and right-symmetric algebras are equivalent. Any left(right)-symmetric
algebra will be right(left)-symmetric under a new multiplication, (a,b) — bo a.

An element e of a right-symmetric algebra is called a left unit if e o a = a for any a € A. Denote by

Qi(A) the space of left units. Let Z;(A) = {z € A: z0a =0,Va € A} be the left center of A. Call the space
Ni(A) = Z)(A) & Qi(A) the semi-center of A. Then [Ni(A), Mi(A)] € Zi(A). An algebra A is called (left)

unital if it has nontrivial left units.
Any associative algebra is a right-symmetric algebra. In such cases, we will use the notation A% if we

consider A as an associative algebra and A™¥™ if we consider A as a right-symmetric algebra. Similarly, for a
right-symmetric algebra A, the notation A™¥™ will mean that we use only the right-symmetric structure on
A, and A"¢ stands for a Lie-algebra structure under the commutator (a,b) — [a, b].

The matrix algebra gl, gives us an example of a unital right-symmetric algebra.

Less trivial examples appear in the consideration of Witt algebras. The algebra W,,p = 0, and W,(m)
defined below has not only right-symmetric multiplication (a,b) + a o b, but also one more multiplication,
(a,b) — a * b, which satisfies the following identities:

ao(boc)—(aob)oc—ao(cob)+(aoc)ob=0,
a*x{bxc)—bx(axc)=0,
ao(bxc)—bx(aoc) =0,
(axb—bxa—aob—boa)*xc=0,
(aob—boa)xct+ax(cob)—(a*c)ob—bx(coa)+(bxc)oa=0.
Let
k

U=klzf,.. . 23 =3z=][z¥:a=(o1,...,0n), s €Z,i=1,...,n
1 n

i=1

be the algebra of Laurent power series if the main field & has characteristic 0, and
U=0,(m)= {:c("‘) = Hz?"‘) ra=(a,...,0,),0 < <p™,i= 1,...,n}
i

be the divided power algebra if char+/ k = p > 0. Recall that O,(m) is p™-dimensional and the multiplication
is given by

£ 8 = (0‘ + ﬁ) £(o+0)
«
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where m = Y, m; and

a+pB) _ o + 5 ny _oal
( a )—1:1( o )’ (l)‘l!(n_l)!,n,lez+,

Let e; = (0,...,1,...,0). Define §; as a derivation of U with

Oi(z%) = oz, p=0,

B(z'Y) = @) p> 0.
Endow the space of derivations Der U = {; u;0; : u; € U} with multiplications:

u@.— (¢} ‘Uaj = va,- (u)a,-,
ud; * v0; = O;(u)v0;.

We denote the algebra obtained as W *¥™(m). If p = 0, this notation will be reduced to W;*¥™. If n #
0(modp), then an element e = 3°;218;/n is a left unit of W1 (m). If n = 1, then a0 b = a * b. Thus the
algebra A = W[*¥™(m), in addition to the right-symmetry condition, satisfies the following identity:

ao(boc)=bo(aoc), Va,bce A.

Such algebras are called Nowtkov algebras [1]. Note that the Novikov algebra Wi(m) is unital. If a right-
symmetric algebra A is a Novikov algebra, we will use the notation A™".

2.2. Right-symmetric modules and comodules

A vector space M is said to be a module over a right-symmetric algebra A if it is endowed with a right
action
MxA—-M, (ma)—moa

and a left action
AxM-—> M, (a,m)—>aom,

such that
mola,b]— (moa)ob+ (mob)oa=0,

(aom)ob—ao(mob)—~(aob)jom+ao(bom)=0,

for any a,b € A, m € M. We will say that M is an antisymmetric A-module if the left action of A is trivial,
i.e,aom =0, for any a € A, m € M. For a module M over a right-symmetric algebra A, denote by Mgp.;
its antisymmetric A-module: Myn = M, (m,a) = moa, (a,m) 0, for all m € Mynu,a € A.

A right-symmetric A-module M is said to be special if the right action satisfies the following condition:

mo{aob)—(moa)ob=0, Va,b€ A, Vm e M.
A special module is antisymmetric if aom = 0, for all a € A.

Example. For a right-symmetric algebra A, its vector space A can be endowed with the natural structure
of an A-module, (a,m) = aom, (m,a) — moa, a,m € A. In such cases we say that M = A is a regular
A-module. If A is an associative algebra, then the regular module is special.

The functor _ ‘
A¥-module — right A“*-module — Antisymmetric A-module

gives us an equivalence of the category of antisymmetric A-modules to the category of (right) A"¢-modules.
An antisymmetric A-module corresponding to a right A'**-module M will be denoted by Mons;.
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Assume that A is an associative algebra A with multiplication (a,b) — a-b. In the last case of A™¥™,
right-symmetric multiplications can be defined in two ways: by (a,b) = a - b or by (a,b) = b-a. To be
specific, we endow A™¥™ with the multiplication (a,b) + a - b. For an associative algebra A the functor

Right A***-module — Antisymmetric special A™¥™-module

gives us an equivalence of the categories of antisymmetric special A™¥™-modules and right A%**-modules.

A right-symmetric A -module M can be endowed with the structure of a module over a Lie algebra A%e
by the action [a, m] = a o m — m o a. The module thus obtained is denoted by M"e.

Thus, to define a module structure on a vector space M over a right-symmetric algebra A, one should
define on M a right module structure over the Lie algebra A" and endow it with a left action that satisfies
(AAM). As mentioned before, the latter can be done trivially by setting aom =0, Va € A, Vm € M.

For a module M over a right-symmetric algebra A, the subspace

M = {m € M : (m,a,b) =0,VYa,b € A}
is called the left associative invariant subspace of M, and
MY = ImeM:moa=0,Ya € A}

is called the left invariant subspace of M. If M = A is a reqular module, then A“%** is called the left associative
center. Note that A" coincides with the left center of A. Note that M is closed under the right action
of A. One has

Ml.inu C Ml.au.

A module M over a (left) unital right-symmetric algebra is called (left) unital if
eom=m, Vec Q(A), Yme M.

and (left) central if
zom=0, Vze€ Z(A),VmeM.

A regular module over a unital right-symmetric algebra is unital and central.
A vector space M is called a comodule over a right-symmetric algebra A if there exist a right action

MxA—-M, (m,a)—moa,

and a left action
AxM-> M, (e,m)—aom,

such that
[a,bjom —ao(bom)+bo(aom) =0,

—bo(moa)+(bom)oa—mo(aob)+(moa)ob=0,
for any a,b € A, m € M. A comodule M is special if it satisfies the identity

(aob)om=ao(bom), Va,be A, Vme M.

A (special) comodule M is called antisymmetric if moa =0 for any a € A.

Example. Let A be a right-symmetric algebra, M an A-module, and M’ = {f : M — K} the space of linear
functions on M. Set

(ao f)(m) = f(moa), (foa)(m)=flaom)
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Then M' under the actions (a, f) — ao f, (f,a) — f oa becomes an A-comodule. We check it:

{[a,b}f—ao(bof)+bo(ao_f)}(m)
= f(mola,b]— (moa)ob+ (mob)oa) =0,

{=bo(foa)+(bof)oa—~ fo(aob)+(foa)ob}(m)
= f(-ao(mob)+(aom)ob— (aob)om+ao(bom))=0.

The A-comodule A’ for the regular module A is called the coregular comodule of A. If A is associative, then
A’ is a special comodule.
For an A-comodule M let

M ={meM: (a,bm)=0, Va,b € A}
be the right associative invariant subspace of M and
M ={meM:aom=0, Vac A}
the right invariant subspace of M. Note that M™™ is closed under the left action of A. One has
MTinY C pfross

2.3. Antisymmetric module C}, ;,(4, M)
Proposition 2.1. The space of linear maps C}, (A, M) := C'(A,M) = {f : A - M} can be endowed

with the structure of an antisymmetric A-module, where the right action is given by
(foa)(t) = fB) oa— flaob)+bo f(a), a,b€ A
Proof. For f € C1(A, M), a,b,c € A, we have
(fo[b,c)(a) — ((fob) o c)(a) + ((f o) o b)(a)
= draym f(8, [, €]) — draym([f, 8])(a, €) + droym ([, c])(a,b)
=ao f([b,c]) — fao[b,c]) + fla) o [b, ]
—ao[f,b](c) +[f,bl(aoc) - [f,b(a) oc
+ao[f,cJ(b) — [f,cJ(aod) +[f,c)(a) o b
=ao f([b,c]) — f(aob,c]) + f(a) o [b,c]
~a 0 drsymf(c,b) + drgyymf(a o c,b) — dryym f(@,b) 0 C
+a 0 dryym f(b,¢) — drgymf(@a0d,¢) + dryymf(a,c) 0 b
= ao f((b,c]) ~ f(ao [b,c) + £(a) o b,

~ao(co f(8))+ao flcob) —ao (f(c) ob)

AT A~

+(aoc)o f(b) - f((acc)ob)+ f(a

B el

—~ao f(B)oc+ f(aob) oc— (f(a) ob)

OO

+ao(bo f(c)) ~ao flboc)+ao (f(b)oc)

—(acb)o f(c)+ f({aob)oc)— f(aob)oc

A~

c)ob
oc

+(ao f(e) ob—f(aoc)ob+(f(a)oc)ob=0.

Thus, C*(A, M) is a right A%-module. O
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2.4. Universal enveloping algebras of right-symmetric algebras

Consider two copies of A (denote them by A", A') and the tensor algebra T(A" @ A'). The algebras
AT, A! are assumed to be free as k-modules and the tensor algebra T(A” @ A') is associative and unital.
The elements of A" and A' corresponding to a € A are denoted by r, and l,, respectively. Let U({A) be the
factor-algebra of T(A” @ A') over an ideal J generated by T(ap) — TaTs + ToTa, [T6y la) = lola + lacs- This algebra
can be considered as a universal enveloping algebra of a right-symmetric algebra A. Denote by U(A) the
factor-algebra of T(A” @ A') over an ideal J generated by {raes — TaTs, [rs,la) = Ila + laop}- This algebra is
called a special universal enveloping algebra of A. Note that J C J, since

Tiap) = [Tar 78] = {Taoh — TaTs} — {Tooa + 1e7a} € J.
Thus, the following is an exact sequences of algebras:
0= J 5 T(A @A) - UA) =0,

0 J o T(A"® A) - U(A) = 0,
and § 5
0—J/J—>U(A) > U(A)—0.
In particular, we can consider U/(A) as a right U(A)-module:
%5 = o,
where % and 1 are elements of U(A) and U(A) corresponding to u € T(A™ & AY).

Theorem 2.2. Let A be a right-symmetric algebra.
(i) There ezists an equivalence of the categories of A-modules and right U(A)-modules. The same is true

for A-comodules and left U(A)-modules.
(i) The category of special A-modules is equivalent to the category of right U(A)-modules. The same is
true for special A-comodules and left U(A)-modules.

Proof. (i) Let (r,]) : A — End M be a representation of a right-symmetric algebra A corresponding to an
A -module M, ie., '
r:A—EndM, ar,, mr,=moa,

l1:A—>EndM, a—1,, ml,=aom,
are the linear operators, such that for any a,b € A,

Tlap] — TaTs + ToTa = 0, (MAA)

(76, la] = lpla + laos = 0. (AAM)

So, any A-module is a right U(A)-module and, conversely, any right U(A)-module can be considered as an

A-module.
A corepresentation (r<,l®®) : A — End M, corresponding to an A-comodule M,

T : A>3 End M, a1, ri°m=aom,
“:A->End M, a1, I°m=moa,

satisfies the conditions (MAA), (AAM) for 7%, . So, any A-comodule is a left U(A)-module. Any left

a’’a

U(A)-module can be considered as an A-comodule.
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(i1) Let M be a special A-module. Then setting
mr, =moa,ml, =moa,
we obtain a right U/(A)-module:
mo(aob) — (moa)ob =0 rep =TT
Conversely, with each right I/(A)-module N, one can associate a special A-module N, if one sets noa =

NTe, Q0N = nl,.
For a special A-comodule M, we note that

(aob)om—ao(bom)=0=r2 =1L

co
aTh>

if 7°m = aom, I®m = moa. Thus, any special A-comodule is a left U*P*°(A)-module. The converse

statement is also obvious. O

2.5. Right-symmetric cohomology as a derived functor

Recall that the factor-images of the element u € T(A” @ A') in U(A) and U(A) were denoted by @ and
ii. Consider A = A® < 1> as a right U(A)-module:

lof,=r,0l1=a, lol,=l,0l=a,a0f,=aobh, acly=hoa,

for all a € A. We endow U(A) with the structure of a U(A4)-module, as in Sec. 2.4. We consider A ® N*(4) ®
U(A),k >0, as a right U(A)-module. Then A ® A¥*A ® U(A) is a free U(A)-module. Denote its generators
by < ag,ai,...,ar >, where ag € A,a; A--- Aax € A*A. We construct the homomorphisms

0:ARNFAQU(A) > AQ A TAQU(A), k > 0,

d: AQU(A) — U(4),
e:U(a) > A

as follows:
a(a01 ajy. - 1ak)
k . -
= Z{(—-l)'”(a;, A1y di7 ey ak)lao
i=1
+('—1)i<ao 0a;ay,..., d,', ey ak)
+(—1)i+1)a0, Ay,...y d,', vy ak)fa,.}

+ Z(_l)i+l<001 aiy-- > dﬁ crey @i, [aiv a]']) (R a'k)v
i<j

6(00) = (Dl-ao - (i)"_'am
el = i, €T, = a, eia = —a.

Then the sequence
B ARNAQUA) DARAQRUA) D AU S UM) S A-0

is’an almost free resolution of the right U(A)-module A. Here the words “almost free” mean that all terms of

the resolution except U(A) are free right U(A)-modules.
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Note that
Ig%a(A QANAQU(A), M) AQNA, k>0,

and HomU(A)(U(A), M) consists of g : U(A) = M such that
g(i)("—'afb - Faob) = g(i("_'afb - 7_'acab))
= g(raTs — Taob) = g(Fals — Taos) = 0.
for any a,b € A. So,
13?/{1)1((“1(,4), M)={me M :(m,a,b) =0}
Therefore, we can take
C:aym(A7 M) = ®k01":sym(A’ M)7
0 _ . -
Croym(A, M) ={m € M : (m,a,b) =0, Va,b € A},
CHHl (A, M) =A®NFA, k>0,

rsym

as a right-symmetric cochain complex.

These statements will follow from our results on the right-symmetric cohomology in next sections. Our
approach is slightly different from Koszul’s approach. We will argue in cohomological terms and prove that
the right-symmetric cochain complex has a pre-simplicial structure.

Let us mention these results relating to homologies. Let M be a comodule over a right-symmetric algebra
A. Endow M ® A with the structure of an antisymmetric A-comodule with a left action:

bo(m®a)=moa®@b—m@acb+bom®a.

Set
Ci"™(A, M) :=M"**:={m € M : (a,b,m) =0, Va,b € A},

Ci (A, M) =M@ A® AN (4), k>0.
CTv™(A, M) = &:CL."" (A, M).
Then CI*¥™(A, M) is a chain complex under the boundary operator

9 : CLE™(A, M) - CL7™(4, M),

O(m®ay®ay A---Aag)
k
=Z(‘l)i+1{m°ao®a.'®a1/\---dg---/\ak
i=1

—-m®agoa; Qay ANd;---Aay
+a‘~om®ao®a1/\---d,----/\ak}

+Z(—1)i+1m®ao®a1 A ~--d,----/\a,,-_1 /\[G,’,aj]/\' c Q.
i<j
Moreover, CT*¥™( A, M) has an antisymmetric A-comodule structure with a left action
pr™ () « CEiT (A, M) — CE (A, M),

oM z)(m® g ® ay A -+ A ag)

k
=Z(—l)i(moa()@a,-@al/\...di.../\ak
i=1
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—-m®apoa; ®ay A---d;---Aa

+a;0m®ao®a1/\---d,»---/\ak}

+3(-D""m@ay®ay A Aainy AT, a) A Aag,
i<

and the isomorphism of A-comodules
CLim(A, M) = (A, M ® A)
takes place, which induces an isomorphism of homology spaces

HI%™(A, M) = HE (A, M ® A), k> 0.

2.6. Comultiplication of the universal enveloping algebra

Let U(A) be the universal enveloping algebra of a right-symmetric algebra A. As noted in Sec. 2, it can
be generated by the elements r,,1,,a € A, such that

Tlab] — [rm Tb] =0, [lm Tb] —lgob + Ila =0, a,b € A.

We define a homomorphism
A:U(A) - U(A)®U(A)

by

Alry) =1a®14+1Q (1, — o),
All)=1,®1.

According to the right-symmetry identities,
A(fra;ms])

= A(ra)A(rs) — A(ry) A(r,)
=7, @1+ 1@ (ra = L) — ) ~mma @1+ 1@ (1 — L) (ra — Lo)
=T ® 1+ 1@ (rap) — oy
= A(r(a),

A([lﬂ) Tb] - laob + lbla)
=(L@N)FH®1+10(m—0) —(®1+1® (1~ b))l ®1) ~ Ll @1+ 5l ® 1
= ([lmrb} - gaob + lbia) ®1=0.

Thus, the above definition is correct.

Theorem 2.3. For a right-symmetric algebra A and its universal enveloping algebra U(A), the following
diagram s commultative:
U(4) 3 U@ eU4)
AN J1A®1
UA) @ U(A) 8 U(4)® U(4) @ U(A)
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Proof. We must check that
1®A)A(u) = (A ®1)A(u), Vu € U(A).

We have
(1® A)A(r,)

=(r®101+1®71r,01+18018(r, —§,)) -1, ®1
= ®1Q91+197r,01-10L,01)+1R1® (r. — 1,)
=A(r)®1+1® (ra — 1)
=(A®1)® Alr,),

(1®A)AL)=L0181=(A’1)A(,). O

Similarly, the homomorphism A; defined below is also a comultiplication:
Ay :U(A) - U(A) @ U(4),
A() =101,
A(ra) =(ra =) ®1+1Q7,,
Ay(L)=1@L.

So, we can construct, for given A-modules M and N, their tensor product M ® N with a module structure
induced by the comultiplication A:

(m®n)oa=moa®n+mQ[n,aq,

ao(m®n)=aom@n.

Moreover, this is possible for the right-symmetric A-module M and for an A"¢-module N. These module
structures on the tensor products are associative: if M, N, S are modules over a right symmetric algebra A,
then

(MBN)@S=ZMQ(N®S).

Definition. For given modules M, N over a right-symmetric algebra A, a homomorphism of A-modules
M ® N — S is called a cup product of M and N.

Denote the image of m ® n in S by m U n. Thus, a bilinear map
M x N = S, (m,n) » mUn,
is said to be the cup product (pairing) of M and N to S, if
(mUn)oa=moaUn+mU|n,d,

ao(muUn)=aom Un,

foranyae A,m,ne M.
Let
CHA,M) = Hcl)cm(A,M), CE (A M) = Hcgm(/\kA, M), k>0,

— k
CEir(A, M) = Hom(A ® A*(4), M), k 2 0.
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Proposition 2.4. Cftl (A, M) has an antisymmetric A-module structure, where the right action

(CEFL (A, M) x A— C5L (A M), (¥,z) oz,

rsym rsym

is defined by
(¢' o x)(a(]’ Qyy. ..y ak)

=agop(z,a,...,0:) —P(ag 0 z,ay,...,a)
k .
+¥(ap,a1,..-,0k) 0T + Zw(ag,al, e 8oy, [T a), . ak),
i=1

for ¢y € CE1 (A M), k> 0.

Tsym

Proof. Since
C’,.l,ym(A, M) =CY (A, M),

one has an isomorphism of linear spaces

G:C}

rsym

(G(f ® )N ao, a1, - ., a¢) = flao)¥(ar, .., ak).

In Sec. 2.3, we have constructed an antisymmetric right-module structure on C} 4,(4, M). The Lie module

(4, M) ® CL,(A, k) — CEHL(A, M), k >0,

structure on C¥, (4, k) over A" is well known. So, for an antisymmetric A-module structure

Cr}sym(Ar M) ® Cll:c(Aa k) = {f ® ¢ : f € Cv]'.ight(A’ M): ¢ € Cll:e(A’ k)}
we have
(f®¢)oz)(ao® (ay,...,ax))
={((for)®9P}a ® (a1,---,ax) + (f @ [, 2]} (a0 ® (a1,-. ., %))
= (f(as) oz — f(ao 0 z) +ag o f(z)) ®Y(a1,. .., ax)
k
+f(ao)®;¢(a1,...,[a:,a,»],...,ak).

We see that

G{(fe¥)oz}={G(f®¥)} oz

Therefore, (1, ) — % o z gives us a right representation. [

2.7. Right-symmetric modules for W™

Let
h={a=(a1,...,on), ;s € Z,i=1,...,n}
t'={a€l,:20,i=1,...,n},
and
[(m)={aelf:a;<p™,i=1,...,n},
ifp>0,m=(my,...,my,).
Let
U=K[z*,...,z¥)) = {z° : a € T,.},
Ut =K[lz},...,z]l = {z* : ¢ € T3},
ifp=0, and

U = 0,(m) = {29 : a € T,(m)},
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if p>0.
For p=10,set A=W if U = K[[z*',...,zE]], and A* = W}™¥™ if Ut = K[[z1,...,2n]]- Let A be
W™ (m) if U = On(m), p > 0. The algebras A, A* are right-symmetric and U is associative commutative.
Note that U has the structure of an antisymmetric graded A-module. The right action is given by
uoad; = ad;(u). The gradings are given by

|z%| =3 a, a€Tl, (orT(m) ifp>0),

U=l Ug={ueU:|ul=k}
A=®kAk, Akz{aa,-:|a|=k+1,i=1,...,n}, AkoAlgAk+1,
UolU CUgp, Upo A C Uk, k1 € 2.

Note that Ay = glT*¥y™.
Let Ay = @x A, and At = & > 0A} if p= 0. Let M be an Ag-module if p > 0, and an AJ-module if
p = 0. Define an antisymmetric A-module structure on U ® M, by

(r®m)oad; =adi(w) ®m+ Y. ud(a) ® [m, 98], p>0,
Ber,

(u®m)oad; =adi(u) ®m+ Y. (1/8)ud(a) ® [m, ?9)), p=0.

pery

3. Cohomology of Right-Symmetric Algebras

3.1. Pre-simplicial structures on C}}1 (A, M)

For a right-symmetric algebra A and its module M, we introduce the structure of a pre-simplicial cochain
complex on G}l (A, M) = @x»oCLL (A, M), where

rsym rIym

CHIL (A, M) = Hom(A® A*A, M), k> 0.
Define linear operators D; : C}iL.(A, M) = C; L (A, M),i=1,2,..., by
Dy CF, (A, M) = CELL (A, M),
D;y(ag, a1, - . ,0x)
= ag o P(a;,81,.--,8i,-..,0c) — P(2o 0@, a1,...,4;,...,ax)

+1/)(ao,a1,...,a".;,. ..,ak) oa; +Z1/}(a0,a1,...,d,-,. ..,aj_l,[a,v,aj],. ..,ak),
i<j
0<k, i<k,
D=0, i>k.
Here @ means that the element a is omitted.
In the next section, we will endow Cy,,.(A, M) = &xCk,,.(A, M) with the structure of a cochain complex,

rsym
where
Chm(A,M)=0, k<O,
Clyym(A, M) = {m € M : (ma)b = m(ab), Va,b€ A}.
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Theorem 3.1. The set of endomorphisms D;,i=1,2,..., endows C:}} (A M) = @bonsW(A,M) with

rsym
a pre-simplicial structure:

DjDi = D,'Dj_l, 1< j,
In particular, drsym = — ;(—1)'D; is a coboundary operator on C*}! (A, M):

i rsym
2 __
draym® = 0.

Proof. Fori < j, 1 < k, we have
D;D;(ag,a1,...,ax) = X1 + Xo + X3 + Xy,

where
Xl = ao(D,"l/)(aj, ay, ... ,dj, ceey a,,),

X2 = —DiYp(ag 0 aj,a4,...,4d;,...,ax),

X3 = D,"l/)(ao,al, sy dj, ey ak)a]-,

X4 = ZD¢¢(00, N ,(fj, ceey Oy, [a_,-, a,], e ,ak).

i<s
Direct calculations show that

Xl = ao(aj1,b(a,-,a1, . .,di,. . .,dj, e ,ak))

—ap(aj 0 a;,01,...,0;...,45,...,0;)

+a0(¢(aj,a1, Ve ,li,‘, .. .,(fj, . ,ak)a,')

+ Z ao(’b(%‘» ag,y ... 1d‘i) ey [ai) a,], ceey ak))v
i<s,s4] jaasaaad

Xz = —(ag o aj)¥(ai, ay,...,4;,...,45, ..., )

+¢((a0°aj)oa:')aly"'1di7"'7dj)"'7ak)
AR

_(1/)((100(11',0.1,...,&;,...,dj,...,ak))ai
OO

- Z P(ap 0 aj,ay,...,4;,...,[a,a;),...,ax),
i<s,5#£7 Saaaaa

X3 = +(ao’(/J(a,',0.1, N ,d,', .. .,(ij, N ,ak))aj

—(¢(a0oa,-,al,...,dg,...,dj,...,ak))aj

+((1/1(ao,a1, e ,é,‘, . ,dj,. .- ,ak)a,-)a}-

+ Z (¥(ao, a1, ..., 6i, ..., 051, (05,04}, ..., ax))a;

i<8,3%£7
+Za0(¢(ai>al1 .- '7di1 ey Aji;';7a3—17 [aj1 as]1 .- 1ak))7
j<s : ====
X4 = _Z¢(a0°ai:a1:- '-vd'h"' )dja-"aas—h[a‘j)as]r--':ak)
o of o o

j<s
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+Z (1,[)((10,0.1, e ’di’ Tt ’dj7 -85, [ajvas]a .. -,ak))ai
i<s

~ e

>

w(a‘():al)"‘,di’-- y i

Gy ey B, [0, s, o5 Boym1, [Biy By )y - -+, Qk)
7<8,i<381,8<31 ~ e~
+ > Y(@oy @1y e v vy Biyennyeees Gsym1s G, Bay)y oo - Bty (Bis Bs)y - - - 5 )
J<38,i<81,81<8,91#] - - .

>

¥(ao, a1, - - -, i,

Y PRU S [: 118 [0 N | RO P B
j<s,(i<s1,81=5) ====
Analogously,
D;D;_1¥Y(ag,as,- - - a)=Y1+Y2+Y3+Y,,
where
}/1 = ao(DJ-_ﬁ/J(a,-, Qly-- -y dg, ce ,ak),
},22_ j—l(aooaiyali"'rdh"')ak)y
},3 = Djfl,lxb(aOyal) - 'vdiv . ')ak)ai)
Y'4 = ZD'_1¢(00,0.1,...,6,',...,a,_l,[a«,‘,a,],...,a}‘)
i<s
We have
Yi = ao(aith(ag, 0, - oy Gy ey 08))
—ao¢(ai°aj>al1 )dn "7dj7"')ak)
+ap(¥(ai, a1, - - -Gy - vy Gjy e e ey Gk)G5)
+Zao¢(a,-,al,...,d,-,..., "]-,...,a,_l,[aj,a,],...,ak),
j<s ====
Y2 = —(ao oa,-)¢(aj,a1,.. .,di, ..,a‘,-,...,ak)
+¢((00°ai)oaj)aly )éu "xdjy"'yak)
—P(agoai,a1,...,8i, ..., 85 .,0k)0;
—Zzp(a'ooaiyaly'-ﬂé‘i)"';dj7"'7a8—11[aj1as]a--~7ak))
. o8 Of O O .
i<s vorere
)’3 = (am/)(aj,al,. .. ,d,', e ,dj,. . ,ak))a,-
— (¥(ap 0 aj,81,...,Gs ..., 0Gj,...,01))a
OISOt
+((¢(aﬂraly"')di) "de)“-yak)aj)ai
+Z (1!)((10,(11, e ,d,', .. .,dj, ey Qg1 [aj,a,], . .,ak))a,
j<s et
We represent Yy as a sum:
Yi=Yy + Y42+ Y,
where

i<s<j

Yé’l = Z Dj_lw(ae’al"'"657""as—lx[ai)as]?"'yak)a
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},4,2 = Dj—l¢(a07a1a ‘e )dh O 7aj—1) [a'iv a‘j]: ey ak):

}/4,3 = Z Dj—l‘l)b(ao, ag, .- )div ey B, [aiy a’s]) .- ;ak)'
i<s
These elements can be expressed in the following ways:

}/4,1 = Z aO(w(ajyal)"'rdiy'"7aa—17[ai)aa]v"'7dj1“'vak))
i<s<j B

- Z 1/)(a0oa'jyala---761'1"-1as—11[ai,aa]>-“1dj7'-':ak)
i<s<j o=

+ Z (1/)(d0,a1,...,di,...,a,_l,[a;,a,],...,dj,...,ak))aj
w7 Ao

+ Y Ylas, 61,85, 801, [05,85), - - 65y - -1, 80m1, (85, 84), - 0R),
<81 <j<s -

},4,2 = +a0(¢([ah aj],alv R 1di) e 7dj) LI 1ak))

—’lﬁ(ao o [a,—,aj],al,. ..,d,',...,_dj,. ..,ak)
[SSSSS
+ (¢(ao, a1, .., 4;, ..., dj,...,ax))]a;, aj]

+ Z¢(001 ai,--- 1d‘i7 .- ';djv crey B, [[ai’ aj]aa'a]i (R 1ak)7

’
j<a ===

Y4,3 = ZaO(w(ajraly L 1dia .. ')dj7 cevy s, [aiaasla e )ak))
j<s oo

—21/1(00oa,',al,...,d,-,...,d_,-,...,a,_l,[a,-,a,],...,ak)
j<s - S

+Z (¥(ao,a1,-..,6i,...,8j,...,85-1, (a3, 85, ..., ax))a;
i<s m—

+ Z ¢(a07a17 e 1di1 . '1dj7 ceeyQs1, [aiaasly . 7a31—11 [aj1a31]1 ... 1ak)
j<s<an - ==

+E¢(ao,a1,...,d,-,...,dj,...

y Qs—-1, [ajr [ai7 as]]7 meey ak)

+ Z "p(aﬂy ay, .. ')dir e 7dj7 cevyQgy-1, [aiy a31]7 L TR ) [a'j)aa], .- -;ak)
j<3l<3 jaBaga el

Using the right-symmetric identity for the expressions underlined, in a similar way we obtain that

DjD,; = D,'Dj_l, 1< J. 0

3.2. Cohomology of right-symmetric algebras and Cartan’s formulas

In the previous section, we proved that C}il (A, M) = ®k>0CF,,,(A, M) is a cochain complex under

coboundary operator d,,,m, such that

drsym"/}(a()) ai, ... )ak)

==Y (-1apo (Y(ai, a1, .-, ds,. .-, ax))

i=1
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k
+> (-1)'%(ap o ai,an,. .., 6. .., ax)
i=1
Z (—1)i+1'(/)(0,0, A1y..-y d,;, sy [a,', G.j], ey ak)

1<i<j<k

k
— S (=1 (W(ao, a1, - -, G, - - -y k) 0 s,

i=1
b € C*(A, M),0 < k.
For m € M, define d,4ym € C’,l_,ym(A, M):

drsymm(a) =aom—moa.

It is easy to see that
d7pymm(a, b)

= a0 dryymm(b) — drsymm(a 0 b) + dryymm(a) o b

=ago(bom)—ao(mob)—(aob)om+mo(aob)+(aom)ob—(moa)ob

= (a,b,m) — (a,m,b) + mo(aob) — (moa)ob.

Thus, according to the right-symmetric identity,

d2

rsym

m(e,b) =mo(aob) —(moa)ob. (1)
Two conclusions follow from this. First, taking the subspace of left associative invariants
M = {m e M : (m,a,b) =0, Va,b € A}

as a 0-cochain subspace C?, (A, M), we obtain a cochain complex

rsym

C#

rsym

(A, M) = @kzock (A, M)

rsym

under the coboundary operator dysym. The second conclusion will be discussed in the next section in the
construction of standard 2-cocycles.
Let
Zr (A, M) = @ Zf,, (A, M),

rsym

Zl:

rsym

(AM)={y¢€ C,’.‘,ym(A, M) : dgymp = 0}
be the spaces of right-symmetric cocycles,

Bli

rsym

(A, M) = GBkB,’.:

sym

(4, M),

BE (A, M) = {drsymw : w € CE1 (A, M)}

rsym rsym

be the spaces of right-symmetric coboundaries, and

H, (A, M) = o HE (A, M),

HE (A M) =2k (A M)/BE (A M)

rsym rsym rsym

be the right-symmetric cohomology spaces.
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Definitions. For any z € A, the interior product endomorphism i(z) of C7,,,.(A, M) is defined by

i(z) : CEL (A, M) = CE, (A, M),

rsym
i(.’L‘)‘l/)(ao, LR a'k—l) = Tﬁ(ao»’-’:, ay,..., a’k—l)y k> O:
i@ =0, ¥eCl,. (A M).

Let puie : A" — C}f1 (A, M) be a representation of the Lie algebra A% corresponding to the antisymmetric
representation

Prsym : A— C:.;;in(A’ M)’ prsym(z)"/) =0, "/}Prsym(x) = ¢ ox
constructed in Proposition 2.4:
(Plie(x)"/)) (a01 ag,- .-, ak)

= —aggoY(z,a1,...,ak) +Y(agoz,a1,...,a;)

k
—1,/)(a0,a1, .o ,ak) or — Zz/)(ao,al, ceey @i, [JI, a.,-], .. .,a;:).
i=1

Recall that :
plie(I)¢ = ""l)piie(x) = "‘d) o= _¢pnym($)-

Proposition 3.2 (Cartan’s formulas). Consider C:}) (A, M) := &,C5} (A, M) as an A% -module. For

rsym rsym
the linear operators on C;tl (A, M), the following relations hold:
(#) i(z)Dy = Di1i(z), 1> 1,
(i4) i(z) D1 = —pue(),
(341) Prie[z, Y] = [Puic(€), prie(v)),
(iv) [i(z), prie ()] = —i([z, 3]),
('U) drsymi(z) + i(z)dr-wm = —pue(il?),
Proof. (i)

i(z)Dip(ag, - - -, ak-1)
= DiY(ap, z,a1,. . .,0k-1)
=ago¥(aj-1,T,a1,- .-, 041, -, Qk—1)
—(ap 0 a1, Z,a1,- .., 41, ..., k1)
+¢(ag,z,a1,---,01,---,8k-1) © Q11

-+ Z ¢(ao,x, az, ..., af_l, ceeyBi1, [a,_l, a,-], - ,ak_l)
121<j

=ap° i(x)"/)(al—la ayy- - af—l: (RN ak—l)
—i(z)P(ag 0 ar—1, 81, .., 0 1, ..., Q)
+i(z)Y(ag, a1, .-, @ 1,...,8k_1) O a1y

+ z i(z)xb(a()) Q1y- - :af:l) e aj—ly [ai) aj}y e ’ak—l)
1-1<j

= D[-]_i(.’ﬂ)’(b(ao, [N ak-l).
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i(z)Dr1p(ao, - - -, Gr-1)

= Dﬂl’(ao,l',al ----- ak-l)
=Q9 0 1/1(’—"', Q1y.. -,y ak-l) - 1,()((10 °x,ay,..., ak-x)
+'¢)(a07a1 :::: a’k—l) ox+z¢(0'07a1?'"7aj—1)[$1aj] 7777 a’k—l)
0<j

= (Ypraym(z)) (a0, . . -, ak-1).
(iii) Proposition 2.4.
(iv) We obtain
—{(i(x)Plie(y))¢}(00, ay,...,0k_1)
= ('/’ o y)(ao, z,a1,--., ak—l)

=ago (P(y,%,a1,...,8k1) ~YP(a 0y, z,0y,...,a_1)

+¢(a0, I,a1,.-. )ak*l) oy

k-1
+¢(a0a [.'E, y]1 ai, ..., a’k—l) + Z d)(avaJ a1y...,043, [a{, y]: v 7ak—1))

and
‘{(Plie(y)i(z))¢}(001 ay,...,01)
= {(i($)¢) oy}(ag,a1,..., Gk-1)
= ag o {(i(z)¥)(y, a1, ..., ax-1)} = (i(z)¥) (@0 0y, 01, .., ak1)
+(#(z)¥)(a0, a1, - - -,ak-1)} oy

k-1
+ ;(i(z)rp)(ao, ay, .-, i1, (@i, y), - ., k1)

=aqpo (¢(y7x1 a1,y ... )ak—l)) - 1bb(a'0 oy,T,a,.. '7ak—-1)

+¢(a‘07$7 ay,y ... 7ak—l) oy

+ §¢(a07 Z,01,. -, qi-1, [ai, y}v veey ak~1) .
Thus
{(=i(=)Prie(y) + pric(y)i(z))¥} (a0, a1, - . ., ag-1)
= (ilz, y]¥)(ao, a1, - - -, ax-1).
(v) According to (i) and (ii),
((2)draym = i(z)Dy + > _(~1)"*i(z) D,

i>1

= ~pie(x) + D_(-1)"*' Dy_si(z)

i>1

= —puie(2) - (1) Dyi(a).

>0
Thus,

i(x)drsym + drsymi(x) = _plie(x)-

854



3.3. Long exact cohomeological sequences

The following theorem follows from standard homological results.

Theorem 3.3. Let A be a right-symmetric algebra and
0->M->T—-5->0

a short ezact sequence of right-symmetric A-modules. Then the following is an ezact sequence of right-
symmetric cohomology spaces:

0= 20 (A, M) = 20, (A, T) = Z0,,.(4,9) >

Zrlaym(A’ M) - Zzsym(A'rT) - Zzaym(A7 S) _{> Hfsym(A’ M) =

- HE

S

5
ym(A4, M) — H:‘,ym(A,T) — HE (A,S) > HEL (A M) — -

rsym rym

Here § is a connecting homomorphism:

0[] = [draym®], [ € HEyym(A, 5),k > 1,

61/}1 = [dfaym¢1]1 ¢1 c Z:-;ym(Ar S),‘l = 01 11
where ¢ € Zf, (A, T) is a representative of the cohomological class (] and ¢, € Z}m(A, T) moves to 1

under the natural homomorphism 2}, (A, T) — Z,,.(A,5),i=0,1.

Define a homomorphism V : §**** — Z2 (A, M) as a composition

rsym

v:.C?

rsym

(4,5) “5" B (A4,8) 5 22 (A, M), 5 dysyms > 6(dysyms).

Then
V(m)(a,b) =mo(aob) — (moa)ob.

In particular, there exist homomorphisms

§:84 5 Z! (AM), §(s):e [a,s],
6:8%% o Z) (A M), —§(s):arraos.

3.4. Connections between the right-symmetric cohomology and the Chevalley-Eilenberg
cohomology

Recall that for any A"¢-module Q, the standard representation g : A" — Cj (4, Q) is given by
g(x)¢(a17 sy a’k)

k
= [z,9(a1,-..,a)] = Y_¥(a1,...,ai-1,[z,a), ..., ax),
=1

where ¥ € Cf,(4,Q) and (z,q) = [z, q] is a representation corresponding to the Lie module Q.

Theorem 3.4. Let A be a right-symmetric algebra and M be an A-module. An operator

F:CE (A,CMA, M) > CEL (A M), k>0, (2)

rsym

defined by the rule
Fw(G'O) Ay -y ak) = _w(aly ey ak—l)(a())
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“induces an isomorphism of AY%-modules. Moreover, F induces an isomorphism of cochain complezes
CrH (A M) and C} (A, CH(A, M)). In particular,

rsym lie
HESL(A, M) = Hf,(A,C' (A, M)), k> 0. (3)
The following sequence is exact:
0 = 2 m(A, M) = C8,,(A, M) = HE,(A, C(A, M) = B4, M) > 0. ()

Proof. Prove that for any z € A, k > 0, the following diagram is commutative:

Ch(A,CHA M) 2 Ck(4,CY (A M)
IF |F
CkL (A CHA,M)) "8 okt (4 M)

rsym rsym

For ¥ € CF,(A, CY{(A, M)) we have
F{Q($)¢}(Go, ay,---, ak+1) = —Q(:L‘)1/1(a.1, vy ak+1)(a0)

= —{z o (Y(ay,...,ax))}ao) + ZTP(Gl, ces Gicy, [T ad], - . ax)(a0)

=1

x
= +{(¥(a1,...,a)) o z}(ao) + D Y(a1,- -, a1, [z, ail, - . ., ax)(a0)
=1
= ~agoY(z,a1,...,0k) + Y(ag 0 z,a1,...,ax) — P(ap,a1,...,ax) 0 T

k
_Z¢(a01ala'-'7[z7a'i]a'”1a'k)

g=1
= —(YPrsym(z))(a0, a1, - ., ax)
= {(F¥)praym(2)}(a1, .. ., ax)(a0)-
Thus, F : Ck,(A,CY(A, M)) - CK!L (A, M) is 2 homomorphism of A¥¢-modules. It is obvious that F' has no
kernel and F' is an epimorphism.
Now, prove that for any & > 0 the following diagram is commutative:

CE(A,CHAM)) %5 CEY(A,CHA, M)
| F | F
En(4,CY (A M) T2 CHZ(A,M)

Crogm raym
For ¢ € Cf (A,C' (4, M)), we have
F(die¥)(ao, a1, - - -, k41) = diietp(a, - - -, ax41)(a0)
= Z (=1)'%(ar, ..., di, . - -, (@i, a5], - - -, ak41) (o)
1<i<j<k+1

k41

Z 1) [a,, al,...,d,-,...,akﬂ)](ao)

= Z (_1)‘+1F¢(a01alv'"vdiv'--y[aha’j]v"':ak-{-l)

1<i<i<k+1

k+1

+ Z( 1) drsym(d)(al) B ak+l))(aﬂw ax)
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= Z (—1)i+1F¢(ao,a1,...,d,-,...,[a;,aj],...,akﬂ)

1<i<j<k+1

k+1
+Z 1) GQO a’ly'-'adir"'rak+l))(a‘i)

k+1

- Z(—I)i(ib(al, ey By ey ary1) )@ 0 a;)

=1
k+1

+ Z(—-i)i(iﬁ(a], ey d,', ‘e ,ak+1)(ao)) oa;

i=1
= Z (—1)i+1F1/)(ao,a1,...,d,-,...,[a,-,aj],...,akH)
1<i<i<k+1

k41

—_ Z 1) ag o (Fy(a;,ay,-..,4;,-..,0k41))

k+1
+ > (-1)'Fy(ag 0 ai,ay,- - ., d;, - - -, Giy1)

i=1

k+1

- Z (F¢(001 aiy .. -y a ak+1)) oa;

= d?M(F¢)(a03 L5 TRRE ak*!—l)-
Thus, we obtain an equivalence of the cochain complexes ®x-oCE,(4, C'(A4, M)) and ®s>,Ck, (A, M). In

rsym

particular, we have the isomorphism (3).
Since, H},,..(A, M) = Z],,..(A, M)/

rsym

A, M) and

raym(
2oyl A, M) = {3 € C (A4, M) : dppymtp = 0} = Z3,(A4,CY(4, M)),
Blym(A, M) = {drymm : m € M, (m,a,b) = 0,Va,b € A} = M"*** /M >  M*™,
we have the exactness of (4). O

Definition. Let f: A M) - ,‘,.e(A, M) be a linear operator such that

rsym(

f: Clym(A M) = Ci (A, M),

f¢(ala ak) 2( 1)l+k+1¢(ah ai, - G .3 ak)’

We introduce the subspaces

Croym(A M) = &:CF,, (A, M),
Clm(A M) ={y € CF2 (A, M) : fp =0}, k>0.

Theorem 3.5. Let A be a right-symmetric algebra and M be an A-module. Then the operator
[ ClymlA M) = C} (A, M) is a homomorphism of cochain complezes and the following cohomological
sequence is ezact:

0= ZLym(A, M) = ZL (A, M) S
Hgsym(A M) - Hr?sym(A7 M) - leie(A’ M) __) Hr}sym(A7 M) -

5 HR2 (4, M) = HY (A, M) — Hf (A, M) 5 Y LA M) >

rsym rsym rsym
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A connecting homomorphism
§: HE (A, M) — HFL (A, M)

rsym

1s tnduced by a homomorphism
§: ZE (A M) = ZE 0 (A M), ¥ dgymt.

rsym

Proof. We will check that for £ > 0 the following diagram is commutative:

dr:m
CE (A, M) 5 CEHL (A M)

W TV F
Ch(A M) %5 CcEYAM)

For ¢ € Ck, (A, M), we have
fdrsym'w(ala cee a’k+1)

= Z(—l)’+kd,,ym¢(a,, Ayyes.,y d,, ey ak+1)
)

= E(——l)"“‘”‘“a, o (¢(ai,a1,...,4i,...,dy,...,a8))

i<s
+ 3 (-1)*** e, 09p(as, a1, ..., by, Gy, Gk1)
<t =
~—Z (-1 ly(a, 0 a5,a1, .. -y diy -y sy - ..y 01))
- E(—I)H-H-kd}(aa 044,01, .., 0:,, cety dt ceey ak+1)
8<i
-+ Z (-—1)‘*‘*"1/:(0.,, (2 SN ,(i,‘, Ve ,aj..l, [a,-, a,-], ceey Cf,, R

1<j<s _—=

+ z (—-1)’“""‘1,0(11,, [23 P di, P ,d_,, ey aj—l; [a,-, O.j], v
i<a<j RRRARRS

-+ Z (*1)a+i+k+l,¢(aawala . 'adh o '1di) . ')a‘j—ly [a'ir aj]y ey

3<i<)

_Z ):+a+k+1¢ a,,al,...,d,-,...,a",,...,ak))oa,-

i<s
—~ SO (=) p(ay, a1,y by Gi e Bry) O 0
s<i =
and
dlicf¢(aly vevy ak-H.)
—Z( 1 f¢(all . a] li[a’l7a]] a‘k+1)
i<J

+Z =1 fd(ar, ..., di,. .., Geq1), 04]

= Z (—1)‘+’+k+11/)(a,,a1,...,d,,...,d,-,...,aj_l,[a,v,aj],...
s<i<y

+ Z (—1)i+k+s‘¢)(as,ala"')di1°-'ydsa-"7aj—1a[ai7aj]>--'
i<s<j RPN
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+(—1)i+j+k¢([ai1 aj]) ay,. .- 1di7 sy d]v DRI ak+1)

-+ Z (—1)i+k+’1/)(a,, ay, ... ,d,‘, - ,aj_)_, [ai,aj], - ,0:,, ey ak+1)
i<j<s e

+ > (-1 [h(a,, a1,y Gy ey iy e Brp1), G5
s<i _—

=+ Z(—l)i+’+k+l[1/)(a,, ay,..- ,di, Ve ,0:,, ey ak_,_l), a,-].
i<s ;

Thus, according to the right-symmetric identity,

flraym = dieft, Vi € CE (A, M), VE> 0.
So, we have a short exact sequence of cochain complexes

0-— @k>oc—',l.:ym(A, M) — ®k>oC,’.°,W

(4, M) = ®p50C (A, M) - 0.
In particul, the long cohomological sequence

E,?,W(A,M)—)H2 (A’M)’_)lexe(AiM)—)

raym

- H2 (AM) — HE (A, M) > HE (A, M) > .-

rsym rsym
is exact. The exactness of the beginning part

(A, M) = Zi (A, M) — B, (A, M) —» HY, (A, M)

0— Z} -

rsym
will be checked directly. It is clear that dj;eyp = 0if drgym® = 0, ¥ € C*(A, M). So, the natural homomorphism
Z}sgm(A, M) — Z}, (A, M) is a monomorphism. Let 6¢, ¢ € Z%,(A, M), give us a trivial class in H°(A, M) =
Z2ym(A, M). Then ¢ € Z2, . (A, M), following from 8¢ = dy,ym¢. Suppose that o & Zhm(A M) is a
coboundary in ZZ, (A, M), say 0 = dyyymw, for some w € C}, (A,M). Then dyymw(e,b) = o(a,b) =
o(b,a) = drsymw(b,a) for any a,b € A. This means that dj;.w = 0.

The theorem is completely proved. O

3.5. Cup product in right-symmetric cohomologies

Theorem 3.6. Assume that the cup product of A-modulesU: M x N — S is given. Then the bilinear map
Crit (A, M) x Cr (A, N) = C:L (A, S), (b,¢) = U ¢,

rsym roym
defined by
Crim(A, M) x Cip.(A,N) = CEEHY(A,S), (4,¢) » pU ¢,
YU (ag, a1, .., ak41)
= > 5910 P(a0, @s(1), - - - » Bo(k)) U D(Bo(k+1)s - - - 5 Bolrs))-

o € Symi,
o(1l) <- - < o(k),
olk+1)<---<o(k+1)

is also a cup product:
(@ U B)praym () = @proym(z) U B+ @ U Bpric(z), Vo € Crll (A, M), VB € Cj.(A,N).
Moreover,
rsym(¥ U §) = drgym® U ¢ — (1) U diie 4, (5)
for any ¢ € CXL (A, M), ¢ € CL.(A,N), k,1>0.

rsym lie
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Proof. By Theorem 3.4,
F(nug¢)=F(n)ué,

F(aph'e(x)) = (Fa)prsym(x))
for any n € CE (A, C(A, M)), @ € CEL (A, M), ¢ € Cl,(A,N), € A

rsym

The cup product M x N — S, (m,n) = mUn, of A-modules extends a cup product of Ae_modules:
CY(A, M)¥e x N¥ — C'(4, 5)",
(fin) = fUn, (fUn)(a)=f(a)Un.
We check the correctness of this definition:
((f Un)o(a))(b)
= draym(f Un)(b,0)
=bo((fun)(a)) - (fun)(boa)+((fUn)(b))oa
=bo(f(a)un)— f(boa)Un+(f(b)Un)oa
=(bo f(a))Un— flboa)Un+ (f(b)ca)Un+ f(b) U[n,q]
= (drsymf (b)) Un + f(b) U [n, o]
= (foa)() Un+ f() Uln,d]
=((foa)Un+(fU[n,d))(b).
Thus, we have the cup product of the Chevalley-Eilenberg cochain complexes [16]:
Ck (A,CMA, M)) x CL(A,N) = CEF(A,CHA, S))

{(7’ U ¢)(a1) LR ak+lz)}(ao)

= > sgn o {1(as(1); - - -2 Bo()) U (@oks1), - - -» Bo(r+1)) } (a0)-
o € Symi4i,
o(1) < --- < o(k),
olk+1) < ---<o(k+1)

We see that the cup products for Chevalley-Eilenberg complexes and right-symmetric complexes are compat-
ible. Namely,

(Fn)U¢=F(nu4¢), (6)
for any n € Ck, (A, C}(A, M)), ¢ € Ck.(A, N). (For the definition of the isomorphism F:Cf,(4,C' (4, M)) —
Ckrl (A, M), see (2)). Since, according to [16], we have

rsym

die(nU @) = duenU ¢ + (-1)*n U di;e s,

then according to (6), we have
drsym((FN) U $) = drsym F(n U ¢)

= Fd.(nU ¢) = F(dienU ¢ + (—1)* 17U diied)
= FduenU ¢+ (—1)* FU diicg
= draymF U ¢ + (1) F1 U diied.
By Theorem 3.4, for any ¥ € C¥'L (A M),k > 0, there exist n € C¥(A, C'(A, M)) such that ¢ = Fn. Hence,

rsym
(5) is true. O
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Corollary 3.7. The cup product
Cram(A, M) x Ci (A, N) = C73 0 (A, 8), (%,¢) 9 U4,

rsym raym

induces a cup product of the cohomology spaces

HEP (A, M) x Hj (A, N) = HEHYALS), ([@],[¢]) = [wU¢), k>0,1>0.

rsym raym

Z} m(A, M) x Hi,(A,N) = H 1 (A, S), (4,]¢)—[pug), 1>0.
Proof.
ZEH (A, M) U Z, (A, N) C ZEIY (A, S), k120,
BEDL(A, M) U Z;,,(A,N) C BEEIY(A,8), k>0,12>0,
Z5 (A, N)UB,(A,N) C BfEHY(A,S), k120. O

Note that for any module M of a right-symmetric algebra A and a trivial A-module K there exists a
natural cup product:
Mx K-> M, (mA)— mA

So, we have a pairing of the cohomology spaces:
H;pym(A, M) X Hi(A,K) — H7,\ (A, M).

In particular, H;, ,,(4, M) has the natural structure of a module over H};,(4,K). As it turned out, in some
cases H;, ..(A, M) is a free H};, (A, K)-module. In Sec. 5, we will see that this is the case if A = gI7*v™.
Denote by M an antisymmetric A-module obtained from M by 7, = r, — I ,l, = 0. One can construct

another cup product:
KxM-—M, A\Um=\m.

We use this cup product in the consideration of the right-symmetric cohomology for A = W;*™ (Sec. 5).

4. Deformations of Right-Symmetric Algebras

4.1. Deformation equations

~ We will follow the Gerstenhaber theory of deformations of algebras [14]. Let A be a right-symmetry
algebra over a field K of any characteristic p. Let JC((¢)) be the field of fractions for the formal power series
algebra K[[z]]. We extend the main field K until X'((t)) and construct on the vector space A ® K((t)) a new
rigﬁt—symmetric multiplication
e = po + bt + P+,

where

pi € CLn(A, M), i=0,1,2,..., and po(a,b) =aob.

The right-symmetric condition for p. in terms of y; can be regarded as the following deformation equa-
tions:

m € Z2 (A, A), (DFR.])
k-1
Z Hi* gt = —draymll'ka (DFRk)
=1
k=23 .

where

(d’ * ¢) (av b» C) = ¢(ar ¢(b= C)) - 1/)((75(07 b)) C) - ’(/1(0., ¢(C, b)) + ¢(¢(ar C)) b):
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I‘pv ¢ € Cf.sym(Av M)

The right-symmetric deformations y., and v; are said to be equivalent if there exists a map
g=go+ig +tg2+---, g€ Cr}sym(A’A% k =0,1,2,...,
with the identity map go, such that

g¢ H(pe(g:(a), (b)) = v(a, b), Yo, b€ A
In particular, for the equivalent deformations p., 14, one should have
v =u+ drsymgl-

In other words, the first deformation terms, the so-called local deformations, will define equivalent 2-right-
symmetry cohomology classes [u;] = [1]. '

Conversely, suppose that there is given a 2-cocycle of a right-symmetric algebra with coefficients in the
regular module, ¥ € Z2,,.(4, A), with a cohomology class (] € H7, ,.(A, A). One can take y, := ¥, #nd
try to construct p that satisfy deformation equations. Obviously, (DFR.1) is true. We will say that a local
deformation p; = 1 can be extended to a global deformation until k-th term, if there exist uo, ..., ux, such
that equations (DFR.k) are true. If this is the case for any k¥ > 0, we will say that a local deformation y; can
be eztended to a global deformation u; or, equivalently, that g, is a global deformation or an extension of ;.
Set

k-1
Obsk(y) = Z B % pg—i-
=1
Note that the definition of Obsy (1)) depends not only on 9 but also on the first k —1 terms of the deformation.

4.2. Third cohomologies as obstructions

Proposition 4.1. Suppose that a local deformation p, = ¥ can be extended to a global deformation to the
(k — 1)th term. Then, Obsk(¥) € Z2,,,.(A, A) and an extension of p, to the kth term is possible if and only

if [Obsi(¥)] = 0.

Proof: For a € C**'(A, A),B € C'"(A, A), define multiplications a * 8 € CH(A4A), o « B €
Ck+l+2(A,A) by
Q * ﬁ(al’ sy ak+l+1)

k+1
= E(—l)(’+l)la(a1: ~ee3Bs1, ﬂ(a.ﬁ-ly (RS ] as«H): [/ THE RS PR ak+l+1)-
=1

a~ ﬂ(al, mee )ak+l+2)
= a(ay, ..., ak+1) © B(axs2, - - - Ckyiq2)-
Then,
P * p(a,b,c) =9 * §(a,c,b) — ¥ x ¢(a,b,c), ¥,¢ € C*(4,A),
and

drsymObsi (¥)(ag, a1, a2, a3)

= Z Z 591 0 dggs (11 * 125) (@0, 851y, Bo(2), B (3))
I+8=k,1>0,s>0 0€Sym3

where d,,, stands for the Hochschild coboundary operator as in associative algebras. By [15], § 7, Theorem 3,
da,,a*ﬂ =a*dossﬂ—daua*ﬁ_ avﬂ+ﬂva, a1ﬂ € CZ(A,A)
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Note that

S e pa—pe— =Y, m~le— D, i~ ps =0
+s=k,0>0,5>0 14+3—k,1>0,8>0 I+3—k,1>0,8>0

Hence, according to conditions (DFR.I), I < k,

d"symObsk (1/)) (aov ay, @z, 0.3)

- Z Z sgno dass(“l ~ ,U.,) (a'01 Qg (1)) Qo (2)> aa(3))
I+3=k,l>0,8>0 c€Sym3

> 3 5gn0 i * dusstis(80, @o(1), Bo(2); Go(3))
14+3=k1>0,5>0 c€Syma

—5gn.0 dagsplt * p15(G0, Bo(1), Ba(2)s Ga(3))

= Y > sgno p(dasstts(@0, Go(1), Ba(2)), Go(3))

I+3=k,I>0,s>0 c€Sym3
~sgn o (0o, dass s (Ba(1)> Co(2), Bo(3)))
~59n.0 dysspii(115(80, 8o(1)), 85(2) Bo(3))
+597 0 dagatti(@0, #4(35(1); Go(2)), Bo(3))
— 591 0 dass (G0, Bo(1), s (2a(2), Ca(3)))

1+5=k,1>0,5>0

{161(drsymits (o, @1, @2), @3) — pit(Grsymise(o, a1, a3), @2) + p(draymiss(a0, @2, a3), a1)
—(ao, drsympts (a1, az, a3)) + p(ao, draymits(az, a1, a3)) — pi(ao, drsympts(as, a1, a2))
~dr symiti(5(ao, a1), 62, 83) + draymtit(145(a0, @2), 81, @3) — draympti(ps (a0, a3), a1, 02)

+dr syt (G0, 145(1, G2), 83) = draymtu (o, #a(a2, 01), a3)

~dysymiti{a0, ps(ay, a3), az) + dnym#l(ao, is(as, 61), a2)

+dsympii(ag, 2s(a2, @3), 81) — draymi(@0, ps(as, a2),01) }

=5+ 5,

where
Si= X >
+3=k,1>0,3>0 51+82=8,51,52>0
{—#u(ss, * pisy (80, @1, G2), 03) + a(fts, * pisy (@0, @1, 83), 82) — (s, * pisy (@0, 02, 03), 1)
(G0, sy * sy (01, @2, 83)) — pit(G0, ey * By (82,61, 03)) + pu(@o, sy * Py (a3, 01, 82)) },
Sp= >
=k 1>0,8>0 li+la=11,02>0
{1, * g, (1 (00, @1), @2, @3) — iy * prt, (ps(@0, @2), 81, @a) + puy * piry (18(0, @3), a1, a2)
— 1, * pui; (G0, s(a1, 02), a3) + piy * i1 (G0, 125(a2, 61), a3)
+p, * puy (@0, p15(01, 3), @2) — py * 1, (a0, p15(a3, 1), @2)
—p, * iz (@0, (2, @3), @1) + o, * a, (@0, 5 (a3, a2), 01)}

S= Y >

l4+s=k1>0,5>0 31+52=5,5>0,52>0

We have
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{ = tlps, * s, (@0, @1, 02), 63) + pua(ps, * pisy (0, 01, a3), @2) — (s, * 1s,(a0, a2,a3), a1)

+ ”l(aﬁw Hs, * Hs, (a'l) as, 043)) - /‘l‘l(a07 /-le * y'.!z(a27 Q, 0-3)) + y'l(a()) Hs, * “32(a31 ay, 02))

+ #z(#sl * /J-sg(ao, a2, 01), aa) - #l(ll'n * #sg(ao, as, 01), az) + p'l(ll'sl * I»Lsz(ao, ag, 112), a1)

- Ky (a01 Hsy * us:(ah as, 02)) + ,U:[(a[), P".sl * p‘az (0'2) as, a‘l)) - /1'1(0’0) Hsy * #sz(afh Qas, 0.1))}

= Z Z —SgN O py * (#a; * ;&ag)(ao, @(1}: Go(2)s Go(s)),

I+31+82=k,I>0,3;>0,82>0 0ESym3

and

8= ¥ 05

I+3=k,1>0,8>0 I3+la=l1;>0,03>0

{iu‘ll * piy (”3(0'0’ a'l)r az, 0.3) — Ky * piy (”6(007 (12), ay, (13) + By * B, (“J(G'O) 0'3)7 Qy, 02)

— Hiy * #12(‘10) ﬂs(al, a2), 0'3) +p, * #zz(ao, l‘s(a% al)a a3)

+ Hy * l‘lz(ao’ uﬂ(ala a3)’ 0'2) — My * )u'lz(a’O’ F”a(aa, (11), 0-2)

A

— M, * (G0, i4(a2, a3), 1) + pu, * (a0, ps(as, a2), a1)

— By * H, (us(ao, 01), as, az) + p, * (#s(ao, 02)7 as, 01) — Wiy ¥ M, (ua(ao, as), az, 01)

+ By * By (0.0, as, ﬂs(al, 0.2)) — Wy, ¥ “12(0'07 as, I‘s(am a‘l))

— by ¥ plz(a(h a2, p’l(ala 03)) + By * "‘lz(aO) a2, #a(as, 0.1))

+ pu, * puy(ao, a1, ps(az, a3)) — pu, * p1, (a0, ar, ps(es, a2))}

= Z sgno ()ulx * ulz) * ”J(G'Oy a’d(l)) aU(Z)) ad(3))1

U+l +a=k,11>0,10,5>0
Let o, 8,7 € C%(A, A). Then,
{ax(B*7) = (a*p)*x1}a,b,c,d)
= a(f *¥(a, b, c),d) + afa, B *v(b,c,d))
—a x 8(v(a,b),¢,d) + ax B(a,y(b, c),d) — a * B(a,b,v(c,d))
= a(B(x(a,b),0),8) - a(B(a,7(6,0)), )

+ a(ar ﬂ(7(b) C), d)) - a(a’ ﬂ(b’ 7(c’ d)))

—a(B(7(a,b), ), d) +a((a,b), B(c, d))

+ a(ﬂ(a’ 7(b» C)), d) - a(a'7 :B(7(b) C), d))

OO e

_a(ﬁ(av b)7 7(6) d)) + a(a, .B(bv 7(6) d))) -

_a(ﬁ(a’ b)a ’)‘(C, d)) + a(’Y(av b)v ﬁ(c’ d))
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So, for any a, 8,7 € C?(A4, A), we have
ax(Bry+7*B)—(axB)*xy—(a*x7)*+B=0
For these reasons,

Sy = Z z —SgN O sy * (ﬂsz * #aa)(ao,aau),aa(z), aa(S))
$1+32+33=k,3,>0,52>0,53>0 oE€Sym;

= - > sgn o (, * p,) * (G0, Goq1), Go(2), 8o(3)) = —Sa.
Uy +2+1l3=k,l; >0,12>0,3>0

So, we prove that d,symObsk(1) = 0 if dryyynObsi(¥) =0, forany 0 < I < k. O

Corollary 4.2. IfH ,ym(A A) =0, then any local deformation can be extended.

4.3. Steenrod squares

Let chark = p > 0. In this subsection, we recall Gerstenhaber’s construction [14] of a homomorphism
with regard to right-symmetric algebras:

Sq: Z}ym(A, A) > 22, (A A), D SqD.
For any derivation D € Z},,,.(4, A), its pth power D? is also a derivation, D? € Z?, , (A, A). The proof
is based on the following property of binomial coefficients: an integer (a) is divisible by p, if 0 < a < p. Then,

D?(aob) — DP(ajob—ao D?(b)

= E ( )D’(a) o DP~¥(b) = 0(modp).

=1

In particular, we can consider integers %l, 0 < i < p, modulo p and introduce a 2-cocycle SgD with coefficients
in the regular module:

Sq D(a,bd) = ZD’(a ) o DP=i(b)/il(p — 9)!.

This cocycle is called a Steenrod square of denvatlon D and can be interpreterd as an obstruction to the
extension of a derivation to an automorphism.

5. Calculations
5.1. Standard 2-cocycles of right-symmetric algebras

In this subsection, we will give the second interpretation of the identity d;"?sym =0, m € M, mentioned
in Sec. 3.2.

Proposition 5.1. (i) Let M be a module over a right-symmetric algebra A and M its submodule. Suppose

that for m € M,
(m,a,b) € M, Va,be A.

Then the 2-cochain ;5 € C*(A, M) defined by
Ym(a,b) =mo(aob) — (Mmoa)ob
is a symmetric 2-cocycle, P € Z*(A, M).
Ifmoa€ M, Ya € A, then (Y] = [¢n], where
$a(a,b) =ao(mob).
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Note that if we use the notation of Sec. 3.3, Y5 = V().
Proof.
Ya(a,b) = (m,a,b) = (m,b,a) = 9P (b,a),
drsym¥Pm(a, b, )
=ao(m,b,c)—ao(m,cb) — (Mm,ao0b,c) + (fm,aoc,b)+ (Mm,a,bc]) — (Mm,a,b)oc+ (m,a,c)ob
—(m,ao0b,c) + (m,a,boc) - (Mm,a,b)oc
+(m,ao0c,b) — (,a,cob)+ (m,a,c)0b
=mo (a,b,c)—(Mmoa,b,c)
—mo (a,cb) + (Mmoa,cb) =0.
If moa € M, then we can introduce a linear map w : A = M, a > moa. We obtain
¥ (a,b) + drgymw(a, b)
= Ya(a,b) ~w(aob) +w(a) ob+aowld)
=1z(a,b) —Mmo(aob)+(Mmoa)ob+ao(Mmobd)
=ao (mob).

In other words, ¢p = Vs + drgmw. O

5.2. Semi-center and derivations of W *™

Suppose that A is an algebra with multiplications (a,b) — aob and (a,b) +> a *b such that the following
conditions hold:

ao(boc)—(aob)oc—ao(cob)+(aoc)ob=0, (7)
ax(brc)—bx(axc)=0, (8)
ao(bxc)—bx(aoc)=0, (9)

(axb—bxa—aob—boa)xc=0, (10)
(aob—boa)*xc+ax(cob)—(axc)ob—bx(coa)+(b*c)oa=0. (11)

In particular, A is a right-symmetric algebra.
Let Z,(A) be the left center of A, Qi(A) is the space of left units, and N;(4) = Zi(A) & Qu(A) is the left
semi-center.

Theorem 5.2. For A=W!¥™ ifp=0, or A= Wy(m) if p > 0,

Z(A) = {6,-:i=1,...,n}®¢5(p>0){3{”"'—1 0<ki<mii=1,...,n}=K"®d(p>0)K"™",

Qi(A) ={e=(1/n) éx,ﬁ,—} > K,

ki

Z! (A, A) = {ad 0;,ad :c.-Bj, 6(}) > o)c’?f’

rsym

14,5,=1,...,n,0 < k; < m;}

2K gl, ®o(p>0KL™ ™
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Proof. Any derivation of the right-symmetric algebra A induces a derivation of the Lie algebra A :
drsym(a,b) =0,Va,b,¢c € A = di. f(a,b) = dryymf(a,b) — drsym(b,a) = 0, Va,b,c € A.

The corresponding homomorphism Z},,..(A4, A) = Z; (A, A) is a monomorphism. It is known that all Lie
derivations of W, are inner, i.e., have the form adud;, where u € U,i=1,...,n. In the case of W, ,(m}),p > 0,

we also have outer derivations 6,?"", 0<k;<m;i=1,...,m,. Since
ada(boc) — ada(b) oc — boada(c)
=ao(boc)—(bocjoa—(aob)oc+ (boa)oc—bo(aoc)+bo(coa)
=aofboc)— (aobd)oc,
the Lie derivation ada : b~ [a,b] :== a0 b — bo a is a right-symmetric derivation if and only if
a € Ao,

It is easy to verify that
ud; o (v8; o wd,) — (ud; 0 v0;) o wd, = 3;0,(u)vwd;.

Therefore,
Aot = {ud; : 8;0,(u) = 0,Vi,j=1,...,n} ={8;,z:0; : 4,5 =1,...,n}.

In the case p > 0, direct calculations show that 6,’" ‘e Z;},,m(A, A). Other statements of the theorem are
obvious.

5.3. Pairing of W]*¥™-modules and cocycle constructions

Theorem 5.3. Let A= W,, p =0, or A = Wy(m),p > 3. The space H?,,.(A, A),p = 0, has a basis

consisting of cocycle classes of four types, Y%, ., ¥F., ¥, ¥, s,l,r =1,...,n, such that
¥y (udi, v8)) = 85,271 (8 ,uv8) — 7,0, (u)vd;),
¥ (ubi, v0;) = 6,27 O (u)vd;,
W31 (udi, v0;) = (8:,4u0;(v)r — 7,01(u)0;(v)5;),
Vi (ud;, v8;) = A (u)8;(v)d;.

In the case p > 3, the space Hfaym(A, A) has a basis whose elements are the cohomological classes of the

following cocycles of the five types to follow:

¥y (uB;, v0;) = 8,38 (8 suv8) — 7,8 (u)vdy),

Bl (us, 005) = 65,27 258" (u)vdy,
«pf,,(uai, v0;) = (0;,,u0;(v)0; — £,01(u)0;(v)8;),
iy, (uds, 00;) = 3" (u)9;(v),

Y5y, = Sq”,

where s,L,r=1,...,n, 0 <k <my.
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The proof is based on the following observations.
Suppose that an A-module M preserves the action of N;(A):

zom=0,Vz € Z)(A), eom=m,Ve €& QA),
for any m € M. We define an operator
Ck (A, M) — Cf,ym(A, M),

rsym

’io(a)’l/J(al, ey ak) = ’(/}(ao, Aly-.-, ak),

and an operator

T : Chym(4, A) > CEL(4, A),
k
T1/)(ao,a1, . .,ak) = Z(—l)'“‘ai * 1,b(ao,a1, . .,d,', . ,ak).

i=1
Then
Tdrsym = draymT;

and for any a € N;(A), % € Z5!1 (A, A),

rsym
io(a)y € ZE,(A, Aunti)-
We define a pairing of the regular A-module A and an antisymmetric A-module U:
AxU—= A, ud;Uv=uvd,.
Note that
Agnti 2 U ® Zi(A).
In particular, we have the pairing
A X Agnti — A, u0; Uv0; = uwvd;.

Therefore, we have the imbedding

Zrm( A, A) X HE(AU) = HELL(A, A).

Note that four types of the cocycles mentioned above can be obtained from Z}, . (A, A) (see Sec. 5.2)
and Hj,(A,U) by pairing ¥ U ¢, 9 € Z},,.(4, A), ¢ € Hy (A, U). Recall that H,(A,U) can be generated
by the classes of cocycles ud; — uz;16;, and ud; — &;(u).

Another interpretation of cocycles of types 1 and 2 can be given in terms of standard cocycles (see
Sec. 5.1). For simplicity, we consider only the case p = 0. We have

'l,bl = dw,,;,,., for w,,,,,(uai) = ln x,[a:,B,, ua,-],

s,lr

¢,2,, = dLUz,r, for w;,,(u(?.-) =In .'B,.az('ll.)a,-,

and
V(z, Inz,.8)(ud;, v9;) = 8;0;(z, In z,)uv,
V(Inz,.8)(ud;, v0;) = —6;0;,uvd,.
Therefore,
[¥s1,] = [V(zs lnz,8)],
W3] = [V(n,8)]
since

1 1 1 1 1 -1
sty = V(zInz,8) — "V w,, ,for wy, € Cryn(Wo, W), w;,(u8) = 6.z, z,u0,

Y7, = V(lnz,.8) — d*¥"wi,, for wi, € C},ym(Wﬂ, Wa), wi(u8) = &,z ud,.
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Theorem 5.4. Let A= W{*" if p=0, and A = Wy(m) if p > 3. Then H?, (A, A) has dimension 4 if
.p =0, and cohomological classes of the following cocycles constitute a basis:

¥ (ud, v0) = z7 uvd,
¥*(ud, v0) = z7'8(u)vd,
¥3 (40, v0) = (u — z0(u))d(v)d,
Y4 (ud, v8) = 3(u)d(v)d.
(Recall that 0 = 0;, forn =1.)

For A = Wy(m),p > 3, the group H2, (A, A) is (3m + 2)-dimensional and the classes of the following
cocycles form a basts:

Y (ud,v0) = 27" uvd,
P2 (ud, v8) = 27”1 (u)vd, 0< k< m,
¥*(ud, v0) = (u — z0(u))d(v)d,
i (ud, vd) = 8" (u)d(v)d, 0< k< m.

p_l . .
SqD: (a,b) = 3 Di(a) o DP7i(b)/(i{(p—i)l), D= 0" ,0< k< m.
$==1
Cocycles of types 1 and 2 are also Novikov cocycles. A local deformation ¢ = T}, tf*, p = 0, can be extended

'Lf and only 1f ity = 0, laty = 0.

5.4. Right-symmetric central extensions of Novikov algebras

Let A be a Novikov algebra, R € Derg A := {D € Der A:aoR(b) = boR(a), Va,b € A},and7: A - K
a linear map such that
n(R(a)) =0, Va € A.

Define ¢ € C?, .,

(4,K) by
9¥(a,b) = w(a o R(b)).

Lemma 5.5. J€ 2%,

(4,K).
Proof. Since a ¢ R{(b) = bo R(a), it follows that
¥(a,b) = 9(b, a).

We have
drsym?(a, b, c)

=m(—(aob)o R(c)+ (aoc)o R(b)+ao Rb,c])

= _(a o R(c)) ob—ao [b; R(C)]

+(a o R(b)) o ¢+ alc, R(b)] +a o R[b, c])

AP

=n(-(aoR(c))ob+ (a0 R(b))oc)
=n(-R((acc)ob)+ (R(a)oc)ob+(aoc)oR(b)
+(ao R(b))oc)
=7((R(a)oc)ob+boR(aoc)+ (aoR(b))oc)
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= n((R(a) oc) o b+bo (R(a) o c) + bo (ao R(c) + (a0 R(b)) o ¢)
— r((R(a) o) b+ R(a) o (bo ) +ao (bo R(c)) +(ao R(B)) o)

— n((R(a) o c) o b+ R(ao (boc)) — a0 (R(b) o c)+ (a0 R(b)) o <)

ArAsy L Ay

=n((R(a)oc)ob—ao(coR(b))+ (acc) ° R(b))

N

= (~ao (co R() + R((aoc) ob) — (a0 R(e)) ob)
= n(—ao (co R(b)) — (ao R(c)) o b)
— n(~R(ao (cob)) + R(a) o (cob) +a 0 (R(c) o b) — (a0 B(c)) ob)

=m(R(a) o (cob)+ao(boR(c)) — (aob) o B(c))
= m(co (R(a) ob) +ao(co R(b)) — (aob) o R(c))
=m(co (R(a) ob) +co (a0 R(b)) - (aob) o R(c))
=7(co R(aob) — (aob)o R(c)) =0.
So, 9 € Z2,,.(A,K). O

rsym

In particular, the algebras
A= er.sym = {e,- gjo0eg; = (‘l+ 1)6,'+j, 1,] € Z}, pP= O,

i+j+1

A:W{”’m(m)={e,-:e,-oej=( ;

)ei+j1 -1 < 17] Spm— 1}7 p> O)

have right-symmetric 2-cocycles with coefficients in the trivial A-module K. Let us prove that the cohomo-
logical class of the cocycle ¥ in both cases is not trivial. If 9 = dyspmw, w € CY(N, K), then

Iei, ;) = —(j +1)30iyj1, ifp=0,
"9(31'1 eJ') = "(—1)i6i+j,p"‘—11 ifp>0,
drsymw(ei) ej) = —(Z + 1)w(e,~+j), 1fp = 0,

i+j7+1
i

gmstene) = =(* T ke, 2 >0
In the case p = 0 we have a contradiction:
-2 =(e-2,&1) = drsym(e-2,€1) = —w(e-1),
—6 = J(e_3, €2) = dryym(e_3,€2) = —2w(e_).

Since, d;symw(e;, epm_;—1) = 0, we also obtain a contradiction even if p > 0.

Theorem 5.6. Let A = Wi if p = 0 and A = Wi(m) if p > 0. Then the second right-symmetric
cohomology space Hf,ym(A, K) has dimension 1 and is spanned by the class of the cocycle:

19(51"76]') = —(J + 1)j6i+j,—17 1’f D= 01

e, e5) = “(—1)i6i+j,p"'—ly if p>0.
If A is considered as a Novikov algebra, then any Novikov central extension is split: HZ, (W,K) = 0.
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Recall that the Novikov cohomology is defined in [1].
Proof. For u € U = K[[z*!]] let m(u) be the coefficient of z~!. Then n(d(v)) = 0, Vu € U. Recall that
e; = r'*!, i € Z, and the multiplication in N is given by a o b = 8(a)b, a,b € U.

We prove that there is an isomorphism of A%¢-modules:

CHA,K) 2 U,. (12)

A bilinear map
(,):UxUs =K, (u,v) n(u-v),

is compatible with the action of A% :
((a)o(u),v) + (u, (a)1(v))
=n(—(uoa)-v—u-(voa)—-u-(aov))
=n(-0(a- (u-v))) =0,
for all @ € A,u € Up,v € U;. So, we have a pairing of A"*-modules ( , ) : Uy x Uy — K. This pairing is
nondegenerate. Thus, the dual A**-module of Uy is U;. Since

(f 0a)(b) = drsymf(b,a) = —f(boa), f€CN,k),a,be N,

we see that the A*-module C*(A4, K) is isomorphic to the dual of U;. This completes the proof of (12).
By Theorem 3.4,

Hfsym(A; K:) = Hllie(Ai Cl(Av K)) = Hl];'e(Wlw Ul)

By the results of Gelfand and Fuks [11], the space H}} (W;,U;) is 1-dimensional and is spanned by the
class of a cocycle a — 8*(a). An analogous statement is also true in the case p > 0 [7]. The respective

right-symmetric cocycle is the cocycle 9.
If: Ax A — K is a cocycle for a central extension in the category of Novikov algebras, then

Pla,boc) —p(baoc) =0, Va,b,c€ A.

The algebra A = W has an element e, that has the property eg o c = ¢ for any c € A. Take a := ¢;,. We

have
Y(es,boc) =P(begoc) =y(bc), Vbce A

Therefore, for w € C} (A, K) = C*(4, K), such that w(a) = —(eo, a), we have
(b, ¢) = —w(bo ¢) = dnew(b, c).
Recall that dyow¢ = drigned for any ¢ € C*(A,K). So, any 2-cocycle of W™ (in the sense of Novikov) with

coefficients in the trivial module is a coboundary. O

5.5. Cohomology of WI*¥™ in an antisymmetric module

Recall that a multiplication in W[*¥™ is given by ad; 0 bd; = b8;(a)d;, where a,b € U = K[[z*', ..., z*!]].
We endow U with the structure of an antisymmetric W7*¥™-module: v o ad; = ad;(u).
Let Q, = {udz; A--- Adz, : u € U} be an antisymmetric W*¥™-module of n-dimensional differential

forms:
(udzy A ---dz,) 0ad; = Oi(au)dzy A - -+ A dzy,.

Let M be a WI*¥™-module. We construct a cup product of W *¥™-modules:
UxQPQM = M, (wUvdzy A---Adz, @ m) = n(uv)m, (13)
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where 7(u) for u € U denotes a coefficient of u at z7!...z;*. Recall that M is an antisymmetric A-module
.corresponding to M, such that 7, =7, — I, I, = 0. Note that

w(der;(u)) =0, YueUi=1,...,n.

Therefore,
(uoad;)) U (vdry A---dz, @m)+uU[vdr A---dz, @ m,ad;]

= ad;i(u) U (vdzsy A+ - Adz, @ m) +uU (Gi(av) dzi A -+ - Adz, ® M)
+uUvdz; A--- Adz, @ [m,adj)
= 7(ad;(u)v + ud;(av)) m + w(uv) [m, ad}]
= 7(8;(auv)) + 7(uv) [m, adj]

=(wUuvds A--- Adz,) @ [m, ad))

= (uUuvdz, A--- Adz, ® m) o ad;.
and the definition of the cup product (13) is correct.
Theorem 5.7. Let M be an antisymmetric Wi*¥™-module. The cup product of W*¥™-modules (13) induces

an i1somorphism
HES (W, M) = Z), (Wa,U) © HE (Wo, " ® M), k> 0.

rsym

Then we have an isomorphism

(Wi, U) 2 By (Wa, U) = {dzi i =1,...,n} 2 AL

rsym

Zl

rsym

Proof. We wiH argue as in the previous subsection. For a W,-module M, its dual module is denoted by M’.
Consider A! = {dz,,...,dz,} as a trivial module over the Lie algebra W,,. Endow U ® A! with the structure
of a W,-module using the natural W,-module structure on U = K|[[z,,...,z,]] and the trivial W,-module

structure on Al:
(u ® dx;)b0; = bO;(u) ® dz;.

It is easy to see that
C'(W,, K)=A'QU',

since for any f € CY(W,,K),
[f,a0:](80;) = (f 0 a8;)(b0;) = — f(ad;(b)J;).
The bilinear map (13) is nondegenerate and gives a pairing of modules over a Lie algebra W;. So,
U'=Q,.
Therefore, there exists an isomorphism of Wy-modules:
C'Wn, K) XA ®@Q,, CH(Wo, M)ZA'QQ, 0 M,

and by Theorem 3.4
HEL (W, M) 22 A Q HE (W,,Q"®@ M), k>0. O

rsym

Corollary 5.8. Hktl (W, K) = A'® HE (W,,Q"), k> 0.

rsym

Recall that H;:

lie

(W, Q") is determined by Gelfand and Fuks [11].
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5.6. Cohomology of ¢i7*¥™ in an antisymmetric module

Theorem 5.9. Let A = gl*¥™, chark = 0. Let M be a finite-dimensional A-module such that, as an Ale-
module, M 1is a tensor module. Then the cup product M x K — M, m U A = Am, induces an isomorphism

HED (A, M) = 2], (A M)® HE,(A,K), k>0.

rsym

Proof. By Theorem 3.4,

HED (A, M) 2 HE(A,CY (A4, M), k>0.

By Theorem 2.1.2 of [11],
Hf,(A,C* (A, M)) = HE, (A, K) ® CH(A, M)A™.
It remains to note that
CY A, M)A .= {f € CY(A, M) : [f,a] =0, Va € A}
(A, M). This is obvious:
[f,a](d) = (f o a)(b) = dryymf(b,a), Va,be A. O

Corollary 5.10. Let A = gli*™ and M be an irreducible antisymmetric A-module. Then HY
0,k>0, ifend only if M = A and

Hf:;;;;(glm (9ln)anti) = H,’:-e(g{m K),k>0.

is exactly Z},,.,

(A, M) #

In particular, HY, , (91, K) =0, k> 0.

Proof. Since M is antisymmetric,

Zr (A M)={f: A> M: f(boa) = f(b) oa}.
Thus, any f € Z}ym(A, M) gives us a homomorphism of right modules f : A’ — M. Since right modules M

and A are irreducible, by Schur’s lemma Z, ,.(A, M) 2 Kif M = A, and Z}, (A, M) =0if M ¥ A. O

5.7. Cohomology of glI*¥™ in a regular module

Theorem 5.11. Let A = gI7*¥™ over a field K of characteristic 0 and M = A be its regular module. Then
the cup product M x KK — M, m U X = Am, induces an isomorphism

HEFL (A M) A, A) ® HE (gl K), 2

rsym rsym

Zh (A, A) = sl,, k> 0.

In particular, any cocycle class in Hf;‘,},.(glﬂ, gl,) has a representative that can be written as ad X U1, where
¥ € Zf,(gln, K)-

Proof. Any right-symmetric 1-cocycle of an associative algebra A is also an associative 1-cocycle and con-
versely, any associative 1-cocycle is a right-symmetric 1-cocycle. So, Z!,...(gln, gln) = Z%,,(gln, gln). Any

derivation of the associative algebra gl, is a derivation of the Lie algebra of gl,. Any derivation of gi¥’¢, except
a + tra, is inner. So, the following sequence is exact:

0—>2Z ,ym(gln,gln) = Z}(glay gl) = K = 0.

In particular,
Ztum(9ln, gln) = {ad X : X € sl,} & Z}, (sln, sln) =2 sl

rsym

It remains to use Theorem 3.4. O
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Corollary 5.12. An algebra gl, as a right-symmetric algebra has nontrivial deformations. Any right-
.symmetric local deformation (2-cocycle of the regular module) is equivalent to a 2-cocycle nx of the form

nx(a,b) = (trb)[X, g,

for some X € sl,. Any local right-symmetric deformation can be eztended. Any formal right-symmetric
deformation of gl, is equivalent to a deformation of the form

p(a,b) =aob+t(trb)[X,a], X € s,
where (a,b) = aob is the usual associative multiplication of matrices.

Proof. These statements can be obtained from the following cohomological facts:
Hrzsym(glm gln) = Z}ight(glm gl‘n) ® Hllie(glmK:) = {adX Utr: X € sln},

H? (glm gln) =0,

rsym

and Corollary 4.2. O
Remark. For w € C(gl,, gl,), w(a) = (tra)X, we have
(1 + drgymw)(a,b) = (trb)[X,a] + (trb)ao X — (traob)X + (tra)X o b = 7ix(a,b),

where
x(a,b) = (trb)X oa— (traob)X + (tra)X ob.

Therefore, [nx] ~ [7ix]. Note that fix is a symmetric cocycle:
7(a,b) = (b, 0).
The extension formula for 7jx is a little bit complicated. It can be given by
(o, ) = 87 (11(@4(a), 4(5))),

where
@t = Zd + tw.

In particular,
&;Y(a) =a—t(tra)X + £ (tra)2X% — -,

and some of the beginning terms of fi; have the form
Bi(a,b) =aob+tX o((tra)b— (traob)+ (trb)a)
+t¥ (tratrb— (traob)’X? — (tratr (X od))X — (tr (ao X)trb)X) +---.

Thus, the right-symmetric extension can be constructed in a such way that the corresponding Lie mul-
tiplication will not be changed:

ﬂt(a’ b) - ﬁ't(bv a) = [a) b]
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