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COHOMOLOGIES OF COLOUR LEIBNIZ ALGEBRAS:
PRE-SIMPLICIAL APPROACH

ASKAR DZHUMADIL’DAEV

ABSTRACT. Cohomologies for colour Leibniz algebras are defined.
Pre-simplicial structure on the cochain complex of colour Leibniz
algebras is constructed. In particular, pre-simplicial structures for
cohomologies of Leibniz algebra, Lie and Lie super algebras are
found.

1. INTRODUCTION

A cochain complex C* = @, C* has a pre-simplicial structure if it
has a sequence of endomorphisms d; : C* — C**!, i € Z, i > 0 such
that d;d; = d;d;j—, for any ¢ < j. Pre-simplicial endomorphisms are
usually used in the construction of a coboundary operator, i.e. in the
construction of an endomorphism d : C* — C**! such that d? = 0.
It can be done as an alternating sum d = 3,(—1)'d;. The existence
of pre-simplicial structure for cohomologies of associative algebras is
well known. We construct pre-simplicial structure for colour Leibniz
algebras. In particular, we construct pre-simplicial structure for co-
homologies of Leibniz algebras, Lie algebras and Lie super algebras.
Corresponding cohomology groups coincide with known cohomology
groups for Lie algebras [1], Liebniz algebras [2], [3], Lie super algebras
and colour algebras [4], [5].

Actually we construct on the cochain complex T*(L, M) of colour
Leibniz algebras two kinds of operations

d:C*L,K)— C*(L, M),
coboundary operator, and
0:C*L,K)— C*(L, M),
such that
do* = 6%d,
d92k—1 + 92k—1d — (92k
for any k.
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2. COLOUR LEIBNIZ ALGEBRAS

Let P be a field and G be a commutative group with bicharacter

x(f,gh) = x(f,9)x(f, h),
x:GxG—=P: x(fg,h)=x(f, h)x(g,h),
x(f,9)x(g, f) =1

Let L be a G -graded algebra with multiplication |, |:
L=®yecLy LyLn C Ly

We will write, |z| = f, if x € L is homogeneous, and = € Ly. The

G -graded algebra L is colour commutative, if

[z, y] = x(z|, [y[)[y, 2]

and colour skew-commutative, if

[z, y] = —x(|z|, [y)[y, 2]

for any homogeneous x,y € L. A colour skew-commutative algebra L
is called colour Lie algebra, if the following identity (Jacobi identity)
holds

[z, 9], 2] = [, [y, 2]l + x(lyl, [2)[[=, 2], y].
Following J.L. Loday we say that L is colour (left) Leibniz algebra if
the following identity (Leibniz identity) is true:

[z, ), 2] = [, Iy, 21 = x(|2[, [yD)y, [z, 2]].

In particular, any colour Lie algebra is a colour Leibniz algebra. If G is
additive group Z/2Z and x(f,g) = (=1)/9, then colour Lie algebras
are known as Lie super algebras. We call a Leibniz colour algebra for
G = Z/2Z a Leibniz super algebra. When G is a trivial group a colour
Leibniz algebra is a Leibniz algebra and a colour Lie algebra is a usual
Lie algebra.

3. MODULES OF COLOUR LEIBNIZ ALGEBRAS

Let L be (left) Leibniz algebra. We call a G -graded space M =

®reqM; amodule over L if there are given bilinear maps LxM — M,
(x,m) — [x,m] and M x L — M, (m,z)— [m,z| such that

LfMg c Mfg> MgLf - Mgf>
[z, y],m] = [z, [y, m]] = x(|[, [y])]y, [z, m]], (LLM)
[z, m],y] = [z, [m,y]] = x(|z[,[m[)[m, [z, y]], (LML)

[[m, 2, y] = [m, [z, y1] = x(ml, |22, m, ], (MLL)
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for any x,y € L, m € M, g € G. Here the notation |m| = f means
that m € M is homogeneous, and m € M;. Notice that

[z, 9]l = l=lly], [z, m]] = [z][ml], |[m, z]| = |m]|z].
For a L-module M
M = {a(x,m) = [x,m] + x(|z|, |m|)[m, z]|z € L,m € M}
has a module structure over L:
[z, a(y, m)] = a([z, y], m) + x(z,y)aly, [rm]),

[a<y7 m)v 513'] =0,

for any z,y € L, m € M. In particular, the natural adjoint on L
endows it the structure of a module and

L =A{a(z,y) = [z,y] + x(z,y)[y, z]|z,y € L}
lies in a right center of L.

Let us have a L-module M. Denote by T*(L, M), k > 0, a space of
polylinear maps ¢ : L X ...x L — M with k-arguments, T°(L, M) =
M, TH(L,M) = 0,k < 0 and T*(L,M) = @,T*(L,M). For ¢ €
TH(L M) set [9] = f, if

77Z}(Lf17 S 7Lfk) - Mffl---fk’
Define a G -gradiation on T*(L, M) by the rule

T*(L, M) = &secT*(L, M)y,
(L, M)y = {¢ € T*(L, M)[[¢)| = [}.

4. PRE-SIMPLICIAL STRUCTURE FOR COLOUR LEIBNIZ
COHOMOLOGY

Let L be a colour Leibniz algebra and M be a L-module. For a
given ¢ € TH(L, M), x1,... 2342 € L set

Xi = X(Y[|z1] |z, |2]),
x5(8) = x| .2zl |2)), 0 < 4,
Xij = X(xi|, [Tiga] - |zj-1]), 0 < g,

~

Xis(J) = x(|@il, |Tiga] - - - |fy| o xs]), i< g < s
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Consider the operators
O;m; : T*(L, M) — T (L, M)
0;;:T*(L, M) — T*"*(L,M),i < j,
defined on ¢ € T*(L, M) by the following formulas
Q) (1, .- wka1) = Xal[wi, V(21,00 STy )]0 < K41

(9k+1¢)($17 B 7xk+1) - _W)(ZL’I; SR 7xk)7xk+1]v

T]ﬂb(l’l, Ce ,.Z'k-Jrl) = in,jw(:cl, Ce ,iLA'Z',. . ,[.’L‘Z’,LCJ'],. .. >$k+l)>

1<j
77z¢ = 077' > ka
Hj,iw(xh s ,[L‘k+2> = X’LX]H'I]7'IZ]7¢(‘/L‘17 s a'fia s 7'73]'7 s 7Ik+2)]7
1< j<k+2,
Okr2.40 (21, s Thye) = —x(@ils [wipa| - [wppa) [0 (21, -0 @i @hsa), [Thge, @]

Let
di=0; —m;,1=0,1,2,...
Theorem 4.1. For any i < j the following relations are true:
d;d; = d;d;_4
Corollary 4.2. The operator d : T*(L, M) — T*TY(L, M) given by

the rule
a=Y(-

is a coboundary operator: d* = 0.

Proof of Theorem 4.1:

d;d; = (6;—n;)(0;—n;) = 6,0,—n,;0,—0,;m:+n,;m; = (lemma 4.3, see below)
= 0;0,_1+0;;—0;n;_1—ni0;_1—0; ;+nmj—1 = (0;—n;)(0j—_1—nj—1) = didj—,. O
Lemma 4.3. For ¢ < j we have the following relations:

(i) 0,6 —09] 1+ 054,

(ii) O5mi = mi0j-1 + 0,4,

i)
(111) 77] n, = 77/'7] 1
(IV) 77 9 - 0177] 1
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Proof: Notice that y; depends on v, but

|0i] = 10;19] =[],
that is why
Xi = Xi(¥) = xi(0s9),
forany s=1,... ,k+ 2.
(i) Let v € T*(L, M). If j < k +2, then

(9]‘8@‘77[})(1’1, ce 71’]€+2) = Xj[l’j, (Qﬂﬁ)(l’l, AN ,C(?j, PN ,ZL‘k+2>] =

Xin[Ijv [fL’i, w(.fl, e 3 LGy ,Ifj/, Ce 7Ik+2)]],
and
(Qﬂj—ﬂ/})(ﬁl; e ;$k+2) = Xi[Iia (Qj—ﬂ/J)(xl; c Ty 7$k+2)] =

Xoxx (ol i) [z, [z, Y2, ..o 2y 2, Tpg2)]]
Thus

(9g9z¢_0z9]—1¢)<x17 v 7xk+2) = X]Xl[[xja xi]a w(‘rla s 7‘fi7 v Jafj7 cee

(0;0) (1, ... Tpgo).
If j—k+2 i<k+1, then

(0;0:0) (21, . Tpgo) = —[00(21, ... Tpg1), Thyo] =

_XZH'TH ¢($17 s 7'fi7 s axk-i-l)]) .Tk+2] =
(due to (LML))

_Xz[xw [w(xla s 73?1'7 s 7xk+1)7 xk+2]]+

7$k+2>] =

(il [0, .o 2y g XG0 (2, oo Ty ), [, o] =

_X’L[x“ [1/}(1‘1, <o 7fi7 o ,$k+1), $k+2]]+
XUzl || - e Do (e, oo @y ), [0, T2
On the other hand, for j =k+2,i <k +1,
(eiejflw)(xlv s 7xk+2> = X’L['xla <6k+1w>($17 s 7$Ai7 s 7xk+2)] =
_Xl[x“ [w<x1ﬂ s 73?2'7 ce 7xk+1)7 xk+2H7
thus
(0;0:0) (@1, ..., Tpp2) = (0:0;10) (@1, .-, Tpg2) +
Xik+1[0(21, - Diy oo Tpg1), [T, Thgo]
Ifi=k+1,7=Fk+ 2, then
(ejelw)(xlv s ,$k+2) = [[w(‘rh R 7xk>7$k+1]7 xk—‘rQ] =
(due to (MLL))

[w(xh s 7$k)’ [xk-l—l? xk-l—?]] - Xk-l—l[xk-&-l? [w(xh cee 7$k>’ xk-i-?H?
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and
(91'9]'717?)(3517 o Thy2) = XilT, (93'717?)(3317 TR, Thp2)] =

_Xk-l—l['rk—‘rh [¢($17 cee 7'Ik)7 xk+2:|:|'
Thus, (i) is proved completely.
(i) If j < k+ 2, then

Omab) (@1, Ter2) = xglzg, () (@1, Ty, Thga)] =
Xj Z Xi,i’[xﬁw(--- ,ZLA’Z',... , Lir—1, [I’i,%i/],... ,fj,.--)]‘i‘

i<i'<j
Xj Z X”/ l’J, ( .. ,fi,... ,fj,... ,xi/_l,[xi,xi/],...)],
1< <i’
and
(mifj—19) (21, .., Tpy2) = Z Xiir (05-10) (- iy Ty [T, T, )] =
1<’
Z XZ,Z’X][xj7w( .. 7,’]?1, cee [.’L'i,QIi/L . ,.fj, e )]+
i<i'<j
Z XH’X] %ﬂ#( ey Ty 7‘fj7 s s Tir—1, [mivxi’L cee )]+
1<g<i!
CLiJHZL'i,ZL'j], ’QZ)( .. ,fi, Ce ,fj, e )],
where
aij = XigX(Yll@i] |2l i [, 2]))
Since ) A
XX (]) = Xi,i'Xj(i)7
ai,j[xhxj] = —XiXj [ﬂfj,fﬁi],
we have

((0mi —milli—1 — 0;)0)(T1, ..., Tpa2) =0, j < kb +2.
If j = k+2, then

Omab) (@1, pg2) = (M) (21, Tpg), Tiero)]
and
(771'93‘711@(151, e Thya) =
Z Xiit (Oj10)([1, - @iy oo T, [T, T, o Tpg2) =
1<d’
— Y ez, i me, [T @) T, D) —
i<i! <k+2
Xik+2[0(T1, oo Tiy oo Thgn)s [Thy Thgo]] =
_[(ni¢)($l> s 7$k+1>7 $k+2]+

X(zils [zial - oD (@, o @y ), [The, @] =
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(Omid — 05:0) (w1, - .. Theya).
Thus, relation (ii) is proved.
(iii) We have

()@ 22 = X xag )z gz ) =

Jj<j’

Ay + Ay + As + Ay,

where
Al = Z ZX],]'X%Z/w( ,.Z‘Ai,... ,xi/,l,[:ri,xi/],... ,.’fj,... ,l‘j/,h[xj,,’]j‘j/]’,,_)’

i<l j<j' i <j

AQ = Z Z XJJ’X’L,’L'(.})w( 7£i7--' ,.fj,... 717i/_17[1‘i,$i/],.., 7Qj'j/_1,[$j,xj/],,”

i<i!,j<gl g<i’ <y’
As= S xaxia DO Eayee By, [, [, 2], ),

i<l j<j'=i’

A4 - Z Z Xj,j’Xi,i’,QZ)(--' ,fi,... ,[EAj/,... ,Ij/_l,[l‘j,l‘j/],,,. ,xi/_1,[$i’xi/],,,_)

i<i! j<j' ' <!

and
(mimj—10) (@1, -« s @y2) = D Xaw (o) (oo s iy o ooy To, (@, 2], ) =
i<’
By + By + B3 + B, + Bs,
where

Bl = Z ZXi,i’Xj,j'¢("‘ ,,fi,... , Lir—1, [xi,xi/],... ,ij,... 7$j’—17 [J,’j’gjj/],._‘)’

i<l j<j i'<j
Bo= > > xarxipX(logl, z]) %
i<l j<j! j<il <j!
V(oo @iy Ty T, [T, T T, [T, ),
B3: Z Xi’j/Xj’j/w("' ’xAi"" 7'fj7'" 7x2"*17[xjv[xbxi’]]?'-')v

i<l j<j' i =5’

A A

B4 = Z X%JXJv],X(’xl‘7 |‘Tj+1| ce ’xJ/*ﬂ)w( R PRI R & PR iy L B [[xiuijxj']u s

<i'=j5<j’
B5: Z Z Xi,i’Xj,j’w("’ ,fi,... ,JI}'/,... ,Ij/_l,[l‘j,]?j/],... ,xi/_l,[xi,xi/],...).

i<d,j<g" j'<i’
It is easy to see that

Al = Bl, A4 = B5.
Since R
X X (1) = Xaar X (2], [2:]) x5

we have the following equality

A2 = BQ.

)
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Since X
Xi X X (il [zl - wgal]) = Xogxag (),
Xi i Xgg X2l [l -l l)x (el |251) = Xagrxian
due to be Leibniz identity
A3 = B3 + By.
Thus, relation (iii) is proved.
(iv) If 7 > k+ 2, then (iv) is trivial:
niti =0 = 0im;1¢.
Assume that j < k+ 2. Then

(WJQZd})(l‘l? 7xk’+2) = Z Xm’(eﬂ/J)(l"l, a'fja"' y Lj'—1, [gjjaxj’]v"' 7$k+2) =

J<y’
Z Xj,j’Xi[xiv @ZJ(ZL‘h N ,Zfi, Ce 7.fj, N ,ZEj/_l, [C(]j,.l’j/], .. ) =
J<d’
Xi[xia Z X],]/w( . . ,.fi, . ,fj, Ce ,.Z'j/,h [xj, .Z'j/], .. ) =
J<y’
Xilzi(j— ) (- ), ] = (Oimj1¥) (@, Tag2)
Thus, relation (iv) is proved. O

Corollary 4.4. Let

0 =3 (=1)0:, n=>3 (=1 m, d=2 (-1)"d:

Then
d*> =0, (1)
i’ =0, (2)
and for any k=1,2,... we have the following formulas
do** = 6?4, (3)
d92k—1 + 02k_1d — 02k. (4)

Proof: Since n;,7 = 0,1,2,... and d;,7 = 0,1,2,... are pre-
cosimplicial systems, 72 =0 and d? = 0. We have
d=0— 7,
thus
0=d?>=6%—0n—nb+n*
On +no = 62,
and
do+0d = (0 —n)0 +0(0 —n) = 6°.
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Thus, relation (4) for k=1 is proved. From this follows that
0*d = (0d + df)d = d(6d) = d(0d + df) = db>.

Thus, (3) for k=1 is also proved. From the inductive assumption for
k — 1 follows that

d92k — d9202(k71) — 02d92(k71) — 02kd
d92k71 i 92k71d — 92(d92k73 4 92k73d) — 92k.

5. PRE-SIMPLICIAL STRUCTURE FOR LEIBNIZ AND LIE
COHOMOLOGIES

The notation of cohomology of a Lie algebra was defined by Chevalley-
Eilenberg [1]. Let L be a Lie algebra and M is L-module. A
cochain complex C*(L, M) = @,C*(L, M) consists of polylinear skew-
symmetric maps ¢ € C¥(L,M), v : L x --- x L — M, if k > 0,
and C°(L,M) = M, C*(L,M) = 0, k < 0. The Chevalley-Eilenberg
coboundary operator

C*(L, M) — C**Y(L, M)
is defined on ¢ € C*(L, M) by the formula

dw(l'l, Ce ,$k+1) = Z?ﬁ([l'u l’j],l'l, Ce ,fi, . ,fj, e ,$k+1)+
i<j
Z(_l)i+l[xi7 w(xb s a:fia s 7$k+1)]
(the notation #; means that z; is omitted).

J.-L. Loday [2] noticed that the main property of the coboundary
operator d* = 0 follows from the Leibniz identity (skew-symmetry
condition is not necessary) if the formula for d is rewritten in the
following way

d(ry, ... Tpy1) = Zw(iﬁh oy By T [T, ) T, T+
i<j

k .

Z(_1)1+1[xi7 w('xh ce J'fia s 7xk+1)] + (_1)k+1[¢<1’17 s ,:Uk), xk+l]'
i=1

A vector space M is called a module over a Leibniz algebra L if
there are defined left action M x L — M, (m,z) — [m,z] and right

action L x M — M, (z,m) — [z, m], such that

[[m, 2, y] = [m, [, y]] = [2, [m, o], (MLL)

Hx>m]>y] = [xa [m, y“ - [m7 [:L‘,y]], (LML)
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[[:)s,y],m] = [ZL‘, [y>m“ - [?J, [%, m“v (LLM)
The L-module M is called symmetric if
[z,m] + [m,z]| =0, Vo € L, Vm € M.

In particular, if L is a Lie algebra, any L-module will be symmetric
module in the category of Leibniz algebras. Let L be a Leibniz algebra,
M be a L-module and T*(L, M) = ®,T*(L, M) be cochain complex
with Loday coboundary operator d, where T*(L, M) = Hom(L®* M),
k>0, and T°(L, M) = M, T*(L, M) =0, k < 0. Denote by HL*(L, M) =
®rHL*(L, M) its cohomology groups, where HL*(L, M) = ZL*(L,M)/BL*(L, M)
(k-cohomology groups, more exactly,spaces), ZL*(L,M) = {¢ €
TF(L,M) : dip = 0} (k-space of cycles) and BLF(L, M) = {dn :
n € TFY(L,M)} (k-space of coboundaries).

We notice that a Loday cochain complex (T*(L, M), d) has a struc-
ture of pre-simplicial complex. In our knowledge this observation is
new even for Lie algebras. For i =1,2,... we define operators

di : T*(L, M) — T**Y(L, M)
on ¢ € TF(L, M) by the rules

di¢(x17"' ,I‘k+1) - [Iiaw('xh”' )'fia"' 7$k+1)]_
Zw(ajla' . 7~fi7 s 7fj7 [xiaxj]axj-l-la s 7xk+l)7 1<:< ka
i<j
dk‘+1¢(w1a cee 7wk+1) = W)(xlv cee ,$k),$k+1],

dﬂb(fbl,... ,SBk_H) =0, k+1<a.

Theorem 5.1. If @ < j, then d;d; = did;—1. In particular, d :=
Si(=1)d; is a coboundary operator of T*(L, M) : d* = 0.
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