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FACTOR-COMPLEX FOR LEIBNIZ
COHOMOLOGY

A. S. Dzhumadil’daev' and A. A. Davydov’

'S. Demirel University, Toraygirov 19,
Almaty, Kazakhstan
E-mail: askar@math.kz
’Department of Mechanics and Mathematics, Moscow
State University, Moscow, Russia

Dedicated to the memory of A. I. Kostrikin.

ABSTRACT

A complex quasi-isomorphic to the factor of Leibniz complex
over Chevalley-Eilenberg complex for Lie algebras of char-
acteristic 0 is constructed.

1. INTRODUCTION

The ground field k& is supposed to be of characteristic 0. Let L be a Lie
algebra considered as a Leibniz algebra and M a symmetric L-module. Let
C*(L, M) = Hom(N*L, M) be Chevalley-Eilenberg cochain complex [1] and
T*(L,M) = Hom(L® M) Leibniz cochain complex [3]. There exists an
imbedding of cochain complexes [3]
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C*(L,M) — T*(L, M).
Let H*>(L,M) be the cohomology group that makes exact the

rel
cohomological sequence

RN Hk+2(L,M) — HLIC+2(L, M) N
H(L,M) — H*3 (L, M) — - -

rel

In [4] a spectral sequence for calculating of H?,(L, M) is constructed.
The aim of our paper is to construct a cochain complex C;,(L, M) that
makes exact the following sequence of cochain complexes

0— C(L,M) — T*(L,M) — Ci,;*(L,M) — 0.

The cohomology group of the complex (C;,(L, M), D) will be isomorphic to
H;Fel(l” M) .

2. LEIBNIZ ALGEBRAS, MODULES AND COHOMOLOGY

An algebra L is called (left) Leibniz [3], if the following idenity holds
[[X’yLZ] = [X, [yaZH - [,yv [X,Z]].

In particular, any Lie algebra is a Leibniz algebra.
A vector space M with bilinear maps L x M — M, (x,m)—[x, m] and
M x L — M, (m, x)—[m, x] is called as a module over Leibniz algebra L, if

[[x,y},m] = [X, b}am]] - [)/7 [X, Wl]],
[[x,m), y] = [x, [m, y]] = [m, [x, y]],
[[m, x], 5] = [m, [x,]] = [x, [m, y]],

for any x,y € L,m € M. For L-module M the subspace

M = {a(x,m) := [x,m| + [m,x], x€L,me M}
has a module structure over L:

[x,a(y,m)] = a([x,y],m) + a(y, [xm]), la(y,m),x] =0,
for any x,y € L, m € M. A module M is called symmetric, if M“" = 0 and
antisymmetric, if [m,x] = 0, for any x € L,m € M.

Let be given L-module M. Denote by T*(L, M),k > 0, the space of
multilinear maps  : L x --- x L — M with k-arguments,

TOL,M)=M, TNL,M)=0, k<0

and T*(L, M) = &, T*(L, M). Let
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d: T*(L,M) — T (L, M),
be the Leibniz coboundary operator
dl//(.xl,...,xk+1)
= le(xl,...,fi,...,)?i, [xi,xj},);f+1,...,xk+l)

i<j

+ (_l)Hl[xilp(xlv“'7>ei7"'7xk+l)]

-

1

_1)/<+1[w(x1’ s 7xk)7xk+l}'

—~ ~

+
Let

HL*(L,M) = &, HL"(L,M), HL*(L,M)= ZL*(L,M)/BL(L, M)

be the Leibniz cohomology groups.

If L is a Lie algebra and M is an L-module (symmetric module in the
category of Leibniz algebras) one can consider also Chevalley-Eilenberg
cochain complex C*(L, M) = ®CK(L, M) and in this case the operator d
coincides with the wusual coboundary operator. Recall that
CK(L, M) = Hom(N*(L), M), if k>0, and C*(L,M) =0, if k<0. Let
H*(L, M) = &, H*(L, M) be the Chevalley-Eilenberg cohomology for Lie
algebra [1].

For Lie algebra L and symmetric L-module M there exists natural
imbedding of cochain complexes C*(L, M) — T*(L, M). Therefore appears
H',,(L,M) = @, H' (L, M), the cohomology group that makes exact the

rel ) rel
following sequence

-« H"(L,M) — HL*(L,M) — H{;*(L,M) — H* (L, M) — -+ -.

rel
In our paper we construct a cochain complex C%,(L, M) with coho-
mology group isomorphic to H;, (L, M). In fact we construct the pre-sim-
plicial complex C%,(L, M) such that the following sequence will be exact not
only as a sequence of cochain complexes

0— C(L,M) — T*(L,M) — C>(L, M) — 0.

It will be exact as a sequence of pre-simplicial complexes also.

3. CONSTRUCTION OF THE COMPLEX C;, (L, M)

Let Z,=1{1,2,3,...}. For any i€Z, define the operator
a;: TH(L,M) — T*K(L, M) by
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AW (Xy, ooy Xy Xy« -5 Xg)
=y, X Xy X)) F WY, X Xy, X)) /2,

if 1<i<k, and gy =0, if i>k. Define also an operator
J(i) : TH(L, M) — T*(L, M) by

‘](i)lp(xlv" . ’xk+2)
=Yy, X X Xigas ooy X)) F WX ey X X, Xy -y Xg)
+W(xla'"axi+27xi7xi+1)"'axk)7

ifi<k—2and Ji)y =0if i >k —2.
Consider in the space of multilinear maps T*+2(L, M®*+1) the sub-
space denoted by CF (L,M) and defined by the following way. If

)el

W=, Y1) € Ct (L, M), k >0, where ; € T*2(L, M), then

ap; =y, i=1,...k+1,
a’wj = ajwn |l_/| > 1,
J(i)lpi = J(l')lﬂ,-ﬂ, = 1, ce 7k.

Let C°,(L, M) = S?(L,M) be a space of symmetric bilinear maps with
coefficients in L-module M. For k < 0 we set C*,(L) = 0.

So, Ck,(L,M),k >0, consists of multilinear maps ¥ with k+2
arguments and with coefficients in M®*1. Each i-th coordinate y; of W is a
multilinear map with k 4 2 arguments and with coefficients in M. Each
coordinate y; is symmetric in 7 and i + 1-th arguments and any consequative

coordinates ; and v, ; satisfy the conditions

YilXrs e X X1, Xigs - -+ Xpg2)
F (X015 ey Xt X2, Xy - -5 Xg2)
F (0, e X, Xy X gy e ey Xpg)
= Wi (X1, X X s X2y 5 Xpi2)
F Wi (K15 ey X1, X2, Xy - o5 Xpg2)
F Wi (X1 ey X2y X X1 - -5 X))

for any xy,...,x;,, € L.
Let C*,(L, M) = &, C* (L, M). For any i € Z_ construct the operator
:C

re

k (L, M) — CEHY(L, M),

rel

by the following way. Set
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(Di\II)l(xla e '7Xk+3)

k3
== Z Wis(icn (X1s ey Xy ooy X X5 o0y Xy 3)
J=i+1 J—1
(X0 Wrssian (Xps -5 X Xp3)]s

if 1 <I<k+21#ii-1. Set (D;¥),=ady,if l=jorl=j—1, where
mp =W, € TH2(L, M). In other cases, (D;¥), = 0. Here & means that the
element x is omitted, 5(i < /) is 1, if i </, and 0 in other case. In the con-
struction of (D;¥),,/ = j,j — 1, we use ¢ such that ¥ = my. The correctness
of this definition follows from lemma 1 and from the fact that ¢;¢p = 0, for
any ¢ € CK72(L, M).

Let

n: T2 (L, M) — Chy(L, M)

be the operator defined by ny = (a1, ..., a;. ). It is easy to check that
this definition is correct:

e TF2(L, M) = my € C5 (L, M).

e

It is also easy to see that
=0, yeT(L,M)= e 2L M).

We will prove that in case of characteristic 0, the map 7 is surjection (lemma 1).

Theorem 1. Let L be a Lie algebra over a field of characteristic 0 and M be a
symmetric L-module. If'i < j, then D;D; = D;D;_,. In particular, the operator

D:C,(L, M) — CH (L, M),

rel rel

given by D = Zi(—l)iHDi is a coboundary operator: D* = 0. The cohomology
group of the cochain complex (C},(L,M),D) is isomorphic to H;(L,M).

rel

From lemma 2 (g;(d; — d;,) = 0) will follow the following expression
for D

(Dly)l(xla R xk+3)

= Z (fl)llﬁl_(s([d)(x],...,)3[,...,[xi,xj},...,x,c+3)
i<j<k+3,i#ll+1 j—1

+ Z <_1)i+l[xi7‘m—é(i</)(xl7 cen X xgs)], 1 <I<k+2
AT
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4. THE OPERATOR = IS SURJECTIVE

Lemma 1. For any k > 2 the following sequence is exact

0— (L, M) — TH(L, M)SC52 (L, M) — 0

rel
Proof. Let t,=(i,i+ 1) be the transposition. Then a; =1/2(1+¢,):
T*(L,M) — T*(L,M) be the symmetriser on i-th and i+ 1-th places and
Ck (L,M) consists of ¥ = (Y,...,. Y1), ¥; € TH2 (L, M), such that

rel
ail//i:lph l:177k+17
ajl//i:a[ j’ i,j:17...,k+17
QY — W, = aayi — 4, =1,k

Now we shall prove that for any ¥ € C;*(L, M) one can construct
Y € T*(L, M), such that mj = P
In order to prove this statement we shall construct a section

sk : Cra (L, M) — TH(L, M)
such that
TSy = ]dC{fL;z(L,M)’ S = IdT/‘(L,M) — Altk,

where Alt, is the projector on the subspace C*(L, M). The symmetric group
Sy acts on the space T*(L, M) by

ail(w)(xl yee 7xk)
:1//(x(,(1>,...7x0(k>), gc Skv lﬁ S Tk(L,M), x; € L.
In particular, we can write the projector A/t as
1 :
Alt, = o ; sign(o)a. (1)
0EO

Since the group S is generated by the elements #;,i=1,...,k—1 with
defining relations

g=1, i=1,....k—1,
Lty =4ty li—jl > 2,

ltig =t iy, =1, k=2,
the group algebra k[S,] is generated (as a unitary algebra) by the elements
a;,i=1,...,k—1 with defining relations

@ =a, i=1,... k-1, (2)
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aja - azap |i _J| > 27 (3)
@ a; — 44, = Qg aa — 44, i=1,000 k=2 (4)

All the elements a; are orthogonal to the projector A/t :

1 1
CliAllk = 5(1 + li)Allk = z(Allk — Al[k) =0

Hence the direct summand (1 — A4/t,)k[S,] of the group algebra k[S)]
coincides with the algebra 4 generated (as a unitary algebra) by the elements
a;,i=1,...,n—1 with defining relations (2), (3), (4). This subalgebra, of
course, has its own unite element (1 — Alt;), which can be written as a
polynomial F;_;(ay,...,a;_;) without constant term in the non-commuting
variables a,,...,a;_;.

Let us note that the components of any vector ¥ € C}el (L, M) gen-
erate the 4-module N, consisting of linear combinations of the products

aj ...a;}; and the map p: 4 — N, sending a;, ...q;a; into a; ...a;Y;, is an
A-linear surjection.

Having the polynomial F,_,(a,,...,a,_;) we can write the section s,
as

scWis ) = p(Fiei(an, - )

The property a;s;, = Idc/( 2(2.m) follows from the fact that p is a A-linear
and F_(a;,...,a,_;) is 'the 1dent1ty in A4,

aip(Fii(ay, ... ap)) = plaiFi(ay, ... a ) = pla;) = ;.

The second property spa, = Idypip py — Alty follows from the relation
1 — Al = F_y(ay, ..., a1),

Y= Al (Y) + Fr_y(ay, - ay) (§).

In what follows we construct the polynomial F,. We shall start with the
decomposition S, ; = S; U S 1S, of symmetric group S;,; acting on k + 1
letters into the disjoint union of double cosets by the symmetric subgroup
S C Sy, acting trivially on the last letter.

We shall use it to express the projector Alt,,; via Alt,. By the
equation (1)

1 .
Alty :m Z sign(o) o

SN

< Zszgn ]i Z sign(o)o). (5)

‘oeS;, oES 1Sk
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From the other side

1
Allk Zk Allk = W Z Sigl’l(O'T) U[kT

0,1ES)

which equals

_Ge= Z sign(o) o

2
(k') gES; 1Sy

since the centralizer Cg (#) of #; in Sy is equal to S;_;. So, for ¢, = 1 — q,
we have

1
Al gy Alty, = 5 (Alt, — Al 1, Alty,)
1
=—(Alty — ——— sign(a) a)
2 Fe(e) ”‘5%5/\-

and conversely

1
- E sign(o) o = 2kAlty, g, Alty, — kAlt,.
" €S, 1Sy

We can substitute this into the expression (5) for A/#;,; and obtain

1
Althrl = —0 (All/& + 2kAllk qr Allk — kAltk)

k+1
2k k—1

=——Alt, q; Alty — —— Al 6
k+1 k 9 e e (6)
Now we can use this to write the projector Alf, as a non-commutative
polynomial in ay,...,a,_,. We can do it inductively. The base of induction
is provided by the formula Alt, = q; = 1 — a;. Suppose that for any / < k
we have the polynomial G;(x,...,X;) in non-commuting variables x,, ..., x;

such that G,(0,...,0) = 1 and Alt; = G,_,(a,,...,a;_;). From (6) we obtain

Glc(xh te ,Xk)
2k
= k—_Hkal(xla v X)) (1= x) Gr_y (X5 -5 Xpq)
k—1
_mGk—l(xla~~'axk—]) (7)

We have
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2k k—1

Gi(0,.,0) = 1= G ,...70)2—k—+1Gk_1(07...,0)
2%k k-1
Ck+1 k+1

Now F, =1 — G, provides the expression of identity element of the algebra
A as a polynomial in a;.
For example,

Gi(a)) =1-ay,
4 1
Gy(ay,ay) = 5(1 —a)(1 —a)(l —a) —5(1 —a)
1 4 4
= l —g(ll —§a2 +§a1a2 +§a2al —galazal

and the sections

$;() =y,
1 4 4 4 4
s3(1,¥) = 5% +§lﬁ2 —gaﬂﬁz —gazlﬂl +§a1a2w1.

5. PRE-SIMPLICIAL STRUCTURE ON C,(L,M)
For i € Z define operators
d: T*(L,M) — T*"'(L, M)
on y € T*(L, M) by the rules

dp (X, Xpqq)
=[x (g, X X))
—Z WXy, X X X XL Xy X)), 1 STk,
i<j
AW (s X)) = =[x, X s

dil//(xl,...,xk+l):0, k+1<l

It is shown in [2] that d;d; = d;d;_,, if j > i. In other words,
(T*(L7 M)a {di7i € Z})

is a pre-simplicial complex. The coboundary condition &> =0 for the
Leibniz coboundary operator is an easy corollary of the condition
did; = did;_,j > i. In particular, for symmetric L-module M by the fol-
lowing rules
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dap(xy, ..., X 1)

= [xi,lk(xh...,)6,»7...,xk+1)}
72 lp(xla"'v)eia"'v)ztjv [xiaijijrlw“;karl)a 1 Sl§k+ 17
i<j

dy(xy,...,x1) =0, k+1<i
the cochain complex 7*(L, M) can be endowed by a structure of pre-sim-
plicial complex.
Lemma 2.
ad; = dia;, ifj—i>1, a(d;—dy;) =0,
ad; =da;_y, ifj—i<0.

Proof. Let y € T*2(L,M). If i > k+2 or j > k+3 our statements are
trivial. If k+3 >j > i+ 1, Then

lidjw('xla e -7X/c+3)

:djlp(xl""7xi717xi+lvxiaxi+27~~‘7xk+3)
= [ (X, X Xy Xy 5 Xy e Xy3)
k+3
- Z l//(xh"-7xi717xi+17xi7~~-7)€j7~~'7[Xj7xs]7-~~7xk+3)
s=j+1 s
= [xjvti‘lj(xlw < a-)eja .- '7xk+3)
k+3
S e D)
s=j+1 s

= d_/'[ilp(xl 9 >xk+3)'

Therefore, if j — i > 1, then a;d; = dja;.
Ifk+3>j=i+1, then

Ldah (X5 Xpy3)

= dap(xy,... y X1 Xip 1y Xy Xig o - - s Xpy3)

J
= [Xp (o0, o X X X+ Xgg3)
k+3
- Z W(X0s s Xy Xig 1, Xigs - (X Xl oo Xkga)
s=i+2 S

= dilp(xh cee 7xk+3) + IP(X], s Xis [xi>xi+l]7xi+27 cet ’xlc+3)'

If k+3 >j=1i, then
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Ldh (X5 Xps3)

= djlp(xla s 7xi717xiq}l7xiaxi+25 v 7xk+3)
J

= [xi+lal//(xlv sy X1y Xy Xig 2 - - - 7xk+3)

— (X, X, [xi+1axi]7xi+2v e ,xk+3)
k+3

- Z l//(xh sy X1 Xy X2y ey [xi+l7xs]7 s 7xk+3)
s=i+2 K

=di Xy, Xs) = WX, X X X X, Xy 3)-
Therefore, for any k + 2 > i,
ti(diy — )W (x5 Xpq3) = —(diy — )P (x50 Xpg3)-

This means that a,(d; — d; ;) = 0.
If k+3 >1i>j then

Z‘idjw(xl PR ?X/c+3)
= d,‘lﬁ(xl ye s Xy X1 X X2y - -5 Xy 3)

= [Xjalp('xlv"'7)2]';'--7xifl7xi+lvxi7-~~7xk+3)

i—1
- Z lp(xla"' 7)2]';'- © [xj7xs]7' s X1 Xy Xy - -7xk+3>
JH1<s<i s—1 i—1
- w('xla s a)ejv ces X1 [Xj7xi+l]7xi7xi+2a s axk+3)
i—1

- w(xla'“axja sy X Xk 1 [xjaxi]vxi+23 cee axk+3)
i
- Z lp(xlw"7)2]‘7--~7xi717xi+17xia”-7[xjuxs]7"‘7xk+3)
i+2<s<k+3 i-1 1

= [xjati—]lp(xla"'7)€/a--'axi—]a :)Cli7xi+17"'7xk+3)
i—

- Z (e X [ X)X X X Xy 3)

JH1<s<i s—1 i—1
_lp(xlw--7)2]"--~7xi717[xj7xi+1]7xi7xi+2a'--axk+3)

i—1
*w(xlﬂ'"ajejv"'vxi—laxwrla[)C_jaxi]vxi+2a"'axk+3)
i

- Z t[—ll//(xb"'72}‘,"'7)6[—1,.xiaxH-lv'"7[xj7xs}7""xk+3)

+2<s<k+3 i—1 s—1
:[)({]-711',“#()(1,...,.)ej,...,xk+3)_

Z [i—llp(xh"'a)eja'“a[xjaxs]wwaxk-ﬁ)

JH1<s<k+3,s#i,i+1 s—1
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- lp(xla . -7)21'7 s Xl [xjaxiJrl]vxivxiJrZa s 7xk+3)
i—1

- lp(xh s 7)€ja s X X1 [xj>xi]axi+27 s 7xk+3)
i
= [.le*,t[_ll//(xl,... ,)’Ct/,. ..,xk+3)

= > (e R ) )

JH1<s<k+3 s—1
+ li—lw(xla e 733_/7 B [x_/a xi]: . ~xk+3)
i—1

+ Z‘1'7llp(xl7 s a)eja R [Xja Xi+l]? s axlc+3)

1
=YXy, Xy X, [xj,.xll»HLx,»,tz, ey Xgy3)
i
—Y(Xps e X X Xy, [xj"xi]vxi-ﬁ—% R )
1
= dit,_(Y(xy, .- Xpp3)
(X, X [X-!"fc"]’ ey Xia3)
i
=Y (X1, X X1 [xjv'xi]vxz‘Jer ey Xpey3)
1

+ ti—llp(xlv ce 7xAj7 (RS [xja xi-H]v s axk+3)

1

- lp(xla s Xin [xjaxlﬁrl]axiaxiJrZ’ s 7xk+3)
i—1

=diti (X1, Xpy3)-
Therefore, if j — i < 0, then a,d; = dja;_;.

Lemma 3. For any Lie algebra L, symmetric L-module M and
i,k € Z,i> 0,k >0 the following diagram is commutative

TH2(L, M) = Ck (L, M)

rel
L d; L D;
TF3(L,M) 5 O, M)

Proof. Let € T*2(L,M). Below we use lemma 2. If j > i+ 1, then,
(”d/l//)i = aidj'// = djail//' If j=i+1, then (”(di - dj—l)lp)i = ai(dj - dj—l)
Y =0.1f j <i, then (nd));, = a;dp = dia;_. Thus,
ndj‘// = ((ndjlp)h ) (ndjlp)k-ﬂ)
= <djal‘//? L 7djaj72lp7 ajfldjlpa Cl]d]l//, dja]lpa vy djak+llﬁ)'
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On the other hand, if | </ <k+2,/#j,j— 1, then

(Djnl//)l(xlv cee 7xk+3)
k+3

= - Z al—é(/</)lp(xla s 7)€j7 B [x;'a xs]v s 7xk+3)
s=j+1 s—1
+ X Qs (X155 Xy Xgy3)]
= djal—?}(j</)‘//(xlv ey Xpey3)-

In other words,
(Djmp)/:dja,,(;(jd), 1 §l§k+27 17&]7]_1

If /= jorl=j— 1, then by definition (D), = a,d3y. So, ndyy = D;m, for
any € TF2(L, M).

Corollary 1. The following diagram is commutative

T2(L,M) = C5(L, M)

ld 1D
T3 (L,M) — CHY(L,M)

rel
Proof. Since D=,(~1)"'D; and d = 3_,(~1)""d,
nd = Z(—I)Mnd,» = Z(—l)HlDin = Dm.
i

i

Corollary 2. If;j > i then D,D; = D;D;_,. In particular, if D = >°,(—1)"'D,,
then D* = 0.

Proof. Bylemma 1 any ¥ € C},(L, M) can be presented as a homomorphic
image of some € T**2(L,M) : ¥ = my. Therefore
D;DY = D;D;my = D;(ndppy) = nddy,

D;D; ¥, for any i <.

6. PROOF OF THEOREM 1
By corollary 2 (C;,(L,M),{D,}) is a pre-simplicial complex. In par-
ticular, (C:,,(L, M), D) is a cochain complex.
By lemma 1 and corollary 1 the following sequence of cochain com-
plexes is exact
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0— C(L,M) — T*(L,M) — Ci,;*(L,M) — 0.

7

Therefore, H?,;*(L, M) is isomorphic to the cohomology group of the
cochain complex (C*,%(L, M), D).

rel
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