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Abstract. We give the definition of restrictness for Leibniz algebras in characteristic p. We prove that
the cohomology of Leibniz algebras with coefficients in an irreducible module is trivid,
if the module is not restricted. The number of irreducible antisymmetric modules with
nontrivial cohomology isfinite. A Leibniz algebrais called simple, if it has no proper idedl
except ideal generated by squares of its elements. We describe simple Leibniz algebras
with Liefactor isomorphic to sl and p"™-dimensional Zassenhaus algebra W1 (m). O 2001
Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Algébres de Leibniz en caractéristique p

Résumé. Nous définissons les algébres de Leibniz restreintes en caractérigiigpae analogie
avec le cas des algébres de Lie. On montre que la cohomologie des algébres de Leibniz
restreintes, a coefficients dans un module irréductible, est triviale si le module n'est
pas restreint. Le nombre de modules irréductibles antisymétriques avec cohomologie non
triviale est fini. Une algébre de Leibniz est dite simple si elle n'a qu'un idéal propre
engendré par les carrés de ses éléments. Nous donnons la description des algebres de
Leibniz simples avec le facteur de Lie isomorphe a I'algébre deskiet I'algébre de
ZassenhaudV: (m). O 2001 Académie des sciences/Editions scientifiques et médicales
Elsevier SAS

Version francaise abrégée

Unealgébreaidentité [[x, y], z] = [z, [y, 2]] — [y, [z, 2]] est appelée algébre de LeibnizNous définissons
les algébres de Leibniz restreintes en caractéristique p par analogie avec le cas des algébresde Lie.

THEOREME 1. - Le cohomologie des algebres de Leibniz restreintes a coefficients dans le module irr
ductible est, triviale si le module n’est pas restreint. Le nombre de modules irréductibles antisymétriqu
avec cohomologie non triviale est fini.

Une algebre de Leibniz est dite simples tout ideal propre est engendré par les carrés. Nous donnons
la description des algébres de Leibniz simples avec le facteur de Lie isomorphe a |’ algébre de Lie sl et
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|’ algébre de Zassenhaus

== (440 (4 e rcsser o}

THEOREME 2 (p > 3).— Chaque algébre de Leibniz non standard simple avec le facteur deJl est
isomorphe a l'algébre de dimensigr

slo+Vp_u= {e::asay7 €0 :=—x0, + Y0y, ey 1= —y@x} + {x‘yJ it j=p—4, 0<i,j<p—4}
avec multiplication

[6_,64,_} = €o, [60764-] = 2eo, [60,6_] =—2e_, [6—76—] = Oéyp_47 [€+,€+} = ﬁxp_47

pour certainse, 3 € k.
Soit U; un W7 (m)-module antisymétrique défini sur I’algebre U = O1 (m) par larégle
(u0)tv = ad(v) +td(u)v.

THEOREME 3 (p > 7). —Chaqgue algébre de Leibniz simple non standard avec le facteur de Lie

isomorphe alW;(m) est isomorphe a l'une des extensions de Leibniz non scindé&g, le) par un
module irréductible antisymétrique, suivantes

M Principal cocycles dim

U 07 (@)d” (b)+ 07 ()" (b) — 0" P ()b, 0<k<t<m, (") -1
" (a)b, 0< k<m

U1 d(a)b, z*" ~Vab 2

k mpm —1(ad®(b)) 1
U, " 3 (a)b — 0% (b)0"" (a) + 20°(a)0”" (b), 0 < k <m m—1
Us —(1/2)8*(a)b + 0*(a)5?(b) 1
Us  —(3/10)8°(a)b— (1/2)0*(a)d(b) + 3 (a)d?(b) + 8*(a)d*(b)

Let i bean algebraically closed field of characteristic p > 0. An algebra @ iscaled (left) Leibniz [4], if

Hm,y],z] = [m, [y,z]] - [y, [gc,z]]7 forany x,y,z € Q.

In general, Leibniz algebras are not simple:

Qann

{lz,y] + [y, 2], 2,y € Q}
isan Abelianideal of @, such that [Q*™, Q] = 0. We will say that ) has a Lie-factorL = Q' =
The following notion of simplicity for Leibniz algebrasis givenin [2].

Q/Qann‘
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Leibniz algebras in characteristic p

DEFINITION 1.—Analgebra( isa simple Leibnizalgebra, if al itsidealsare 0, Q*"", Q.

If the Leibniz algebrais simple, then its Lie-factor is simple and its annihilator as a module over Lie-
factor isirreducible.

Example 1. — Any simple Lie algebrais simple asa Leibniz algebra.
Let Q bealLeibniz algebraand M be a @Q-module. Recall that the @Q-module M is caled symmetricif
[z, m] 4+ [m,z] = 0, and antisymmetri¢if [m,z] =0, forany z € Q,m € M.

DEFINITION 2.—Let L be a Lie algebra and M be an antisymmetric L-module. Cal M strongly
antisymmetricif LM = M, i.e, M = {(z)yym:x € L, me M}.

Example2. — Any nontrivial irreducible module of a Lie algebra is strongly antisymmetric. A trivial
moduleis not strong.

ProPOSITION 1.—Let L be a Lie algebra and\/ be a strongly antisymmetri€-module. Then there
exists a Leibniz algebr& with Lie-factorL and annihilator) .

Proof. —Take @) as a semidirect product of L by the antisymmetric module M. O

Leibniz algebraswith given Lie-factor L and annihilator M are ruled by the second L eibniz cohomology
group HL2(L, M), where M is considered as antisymmetric L-module [4]. Concerning simple Leibniz
algebras this means the following. The classification problem for simple Lie algebras with given Lie-
factor L is equivalent to the problem of describing nonsplit extensions of adjoint L-modules by irreducible
modules[2]. Simple Leibniz algebras L + M, with multiplication [z + m,y + n] = [z,y] + [z, n], where
M isirreducible antisymmetric L-module, we call as standardsimple Leibniz algebras with Lie-factor L.
In particular, asimple Lie algebra L is standard simple.

Let ¢, r,, betheleft-multiplication and right-multiplication operators ¢, : Q — Q, y +— [z, y], o : Q —
Q,y— [y,z]. Let U(Q) betheuniversal enveloping algebraof Q.

DEFINITION 3.—A Leibniz algebra @ over afield of characteristic p > 0 is called weakly restricted
if for any z € Q, there exists some nonnegative integer £(z) and some element of @, denoted by z[*”’1,
suchthat 2" = £ iy, 1 £(z) = 1 forany «, i.e, for any = € Q, there exists some 2 € Q, such that
2 = 1,1, then Q is called restrictedor p-Leibniz algebraln thiscaseamap Q — Q, = — z!P! iscalled a
p-map.

Recall that any module A of the Leibniz algebra (Q can be considered as a left module of the universal
enveloping algebra U (Q), by thefollowing rules £, m = [z, m], r.m = [m, x] (se€[4]).

DEFINITION 4.—Let (Q be a weakly restricted Leibniz algebra. The Q-module M is caled weakly
restricted if 2" m =€ .eym, forany x € Q, m € M.

Example3. — Any restricted Lie algebraisrestricted as a Leibniz algebra.

LEMMA 2.—Let Q be a weakly restricted Leibniz algebra. Then for ang @, the element, =

' ey €U(Q) Is central [z, 4, =0, [25,7,] =0, for anyy € Q.

x

THEOREM 3.—Let @ be a weakly restricted Leibniz algebra of characteristic- 0 and M be
irreducible @-module, such thallL*(Q, M) # 0. ThenM is weakly restricted.

Proof. —Let p: Q — CL*(Q, M) be representation of @ on the Leibniz cochain complex CL*(Q, M)
and i(z) : CL*(Q, M) — CL*~1(Q, M) beinterior product endomorphism. Then for any z € @, [4] the
following relations hold

di(x) +i@)d=p(a), dp(z) = p(a)d. @
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By Lemma 1 we have,

p(z(@) (@1, ... ax) = (2(2)),, (V(@1,...,21)), ©€CLHQ, M).

From (1) it follows that
pa)" = ple)” " (di(w) + i(2)d) =d p(a)" " i) + pla) T i) d.

Therefore,

(2(2)) ¢ = dT¢ + T d,

where
T = p(x)?"” Li(w) —i(«P" ),

By the Schur lemma (z(x)) s is invertible for some z € @, if M is not weakly restricted. That ends the
proof. O

Remark1. — A similar result for modular Lie algebras was proved in [1].

COROLLARY 4.-Let M be an irreducible antisymmetric module of the Lie algebra characteristic
p > 0. Then the number of nonisomorphic antisymmetric modifewith propertyHL*(L, M) # 0 is
finite. In particular, the numbegup to isomorphismof non-standard simple Leibniz algebras with given
Lie-factor L is finite.

Proof. —From results of [3] it follows that the number of weakly restricted nonisomorphic modulesis
finite.

Letslo ={e_,eq, et : [e—,eq] =eo, [€0, 4] = 2e0, [€0,e—] = —2e_} bethree-dimensional simpleLie
algebraover afield k of characteristic p > 3. Consider the representation of sl, in k[z, y] givenby e,— z0,,,
eo — —x0, + YOy, e4 — —y0. Then

Vo={a'y 1i+j=¢q 0<i,j<q}, 0<q<p,

has a structure of irreducible sl;-module of dimension ¢ + 1. It has the highest vector v = y? and
highest weight ¢ under Borel subalgebra (eg,e4): e;v =0, egv = qu. Any irreducible p-module of sl,
isisomorphicto V,, forsome0 < ¢ <p,[5]. O

THEOREM 5 (p > 3).— Any non-standard simple Leibniz algebra with Lie-facity is isomorphic to
a p-dimensional non-split Leibniz extension=f by a (p — 3)-dimensional antisymmetric irreducible
moduleV,,_, with cocycle(e_,e_) — ay?P~4, (eq,eq) — BaP4, (e;,e5) — 0, (i,5) # (—, —), (+,+),
wherea, 3 € k.

Let

O1(m) = {x(i) c (@0 = (Z—"—J)x(ﬂ'j)’ 0<1i,j <pm}

7

be the divided power agebra. The Zassenhaus algebra L = W7 (m) can be defined as a Lie algebra of
special derivations of U = O; (m). One can get abasise; := (19, —1 <i <p™ — 2. Then

ot~ (() (e
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Leibniz algebras in characteristic p

The p™-dimensional algebra L = W;(m) is simple and weakly restricted. It is restricted if and only if
m = 1. It hasgrading
p™ -2
L= Li, [Li,L;] C Liy;,
i=—1

and filtration

L_1=LD>LygDLi DLy :)"'DLI,m_QD(L
Li=@L;, Lik; CLiy;.

i

We see that L is a maximal subalgebra of Wi (m) and £, is a subalgebra of £; with codimension 1.
The W (m)-module U, is defined on the divided power vector space O, (m) by the following rule

NG ((FTT I\ (i)
o () (1)

where t € k. These modules are irreducible, if ¢ # 0,1 and restricted if ¢t € Z/pZ. As far as the cases
t =0,1, the module Uy has one-dimensional submodule (1) and U; has p™ — 1-dimensional submodule
Uy = {z : 0 <i<p™— 2}. There is an isomorphism of modules U; = Up/(1). The modules Uy,
t#0,1,t € Z/pZ and Uy, k are restricted and any restricted irreducible 1 (m)-module is isomorphic to
one of these modules.

THEOREM 6.—Let p > 7 and M be an irreducible antisymmetri¢V; (m)-module. If the second
Leibniz cohomology grouplL?(W;(m), M) is nonzero, thenV/ is isomorphic to one of the following
six moduled/_,, U_1, k, Uy, Us, Us. Any non-standard simple Leibniz algebra is isomorphic to one
of the corresponding nonsplit Leibniz extensiondiaf(m) by M. Basic cocyclega,b) — ¢ (a,b) and
dimensions of{L?(W; (m), M) are given in the following table.

M P dim
U 07 ()0 () + 07 ()07 (b) — "+ (@b, 0 <k <t<m, (") -1
" (a)b,0< k<m

U d(a)b, " Vab 2
k Coefficient atz®™ ~Y of ad®(b) (Virasoro cocycly 1
[ — 9P 3 ()b — 307" F2(a)A(b) + 307" T ()92 (b) m—1
—382(a)0”" 1 (b) + 0%(a)d”" (b) + 0" (a)33(b), 0 < k <m
Us —(1/2)8*(a)b + 0*(a)5?(b) 1
Us  —(3/10)8°(a)b— (1/2)0*(a)d(b) + 83 (a)d?(b) + 8*(a)d*(b) 1

Remark2. — From our results it is easy to obtain similar description for simple Leibniz algebras with
Lie-factor isomorphicto Lie algebraof formal vector fields on the circle in characteristic 0.
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