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ABSTRACT

Let Vn = (e i , . . . , en+i) be the vector product n-Lie algebra with n-Lie commuta-
tor [ei , . . . , e , , . . . ,en+i] = ( - l ) 'e , over the field of complex numbers. Any
finite-dimensional n-Lie Vn-module is completely reducible. Any finite-
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.ron+i-module with highest weight tiii for some nonnegative integer t.
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1. INTRODUCTION

An n-algebra A = (A, [ , . . . , ] ) with a skew-symmetric n-multiplication
[ , . . . , ] : A"A -^ A , ( a i , . . . , a n ) H ^ [ a i , . . . , a « ] is called n-Lie, if

[a\,... ,an-\,[an,...,a2n-\]]
2 n - l

( - 1 )'"*""[[a 1 , . . . , a « - i , a , ] , « „ , . . . , a , , . . . , a 2 « - i ] ,

for any ai , . . . ,a2n-i € A. Here a, means that the element a, is omitted. n-Lie
algebras was firstly defined in Filippov (1985). Sometimes they are called as
Filippov, Nambu or Takhtajan algebras.

To any n-Lie algebra one can associate a Lie algebra L(A) = A"~'A, called basic
Lie algebra, with a multiplication given by

{a\ A---Aan_i,fci A • • • A fo«_i]
n - l

= Z(-l)''"'"[[ab---,an-l,W,fel,--.,^n-..,fen-l],
1=1

o r b y

[fli A - - - A a n _ i , f c | A - - - A f o n _ i ]

1=1

where ^; means that the element fo, is omitted.

Example 1. Let A = K{x\,..., jTn] under Jacobian map

Then A is n-Lie (Filippov, 1985, 1998) and its basic algebra is isomorphic to
divergenceless vector fields algebra Sn_i (Dzhumadil'daev, 2002).

Example 2. Let y« be (n -|- l)-dimensional vector space with a basis {e\,...,e«+i}.
Then Vn under a n-Lie multiplication

[ei , . . . ,e , , ...,e«+i] = ( - l ) 'e ,

can be endowed by a structure of n-Lie algebra. This algebra is called vector product
n-Lie algebra. For n = 2 we obtain well known vector product algebra on K^. From
results of Filippov (1985) it follows that L{Vn) = sOn+\.

One can expect that the n-Lie algebra Vn plays in a theory of n-Lie algebras a
role like 5/2 in theory of Lie algebras. The aim of our paper is to describe all
finite-dimensional representations of vector products n-Lie algebra over the field
of complex numbers.
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Let 7ri,... ,7r[n+i/2] be the fundamental weights for son+i. Recall that
son — sli ® sh and any irreducible 504-module can be realized as SI2 ® .j/2-niodule
M,j = M,® Mr, where M, denotes {t + l)-dimensional irreducible 5/2-module with
highest weight t. The main result of our paper is the following:

Theorem 1.1. K = C.

(i) Any finite-dimensional n-Lie representation of Vn,n > 2, is completely
reducible.

(ii) Let M,^r be an irreducible so^-module with highest weight {t, r). Then M,^r
can be prolonged to 3-Lie module over Vj, if and only if t — r.

(iii) Let M be an irreducible module of Lie algebra S0n+\, n > 3, with highest
weight a. Then M can be prolonged to n-Lie module of Vn, if and only if a
has a form tn\, for some nonnegative integer t.

So, we obtain a complete description of tinite-dimensional n-Lie Vn-modules
over C. Our result shows that any irreducible n-Lie representation of Vn is ruled by
some nonnegative integer t as in Lie case V2 — sl2- Call t mentioned in Theorem LI
n-Lie highest weight.

Corollary 1.2. {K = C,n > 2) The dimension of any irreducible n-Lie Vn-module
. , , . , , . , n - | - 2 r - 1 /n - l - f - 1\

with highest weight t is equal to — I 1.

F o r example, the dimension of any irreducible V3-module with highest weight t is
equal to {t -I- 1 ) ^

Remark. If n = 3 and if we consider infinite-dimensional modules , then s tudying of
V3-representations can be reduced t o the p rob lem o n describing of g/^-modules. A
definition of complex size matr ices algebra gh (see Dixmier , 1973; Feigin, 1988).
One can prove tha t U{V-i) has a subalgebra i somorphic to gh

2. n-LIE MODULES

Let A be an n-Lie algebra. Let End A be a space of linear maps A -^ A. Recall
that an operator D £ End A is called derivation, if

for any o i , . . . , « „ e A. Let Der A be a space of derivat ions of A . Accord ing n-Lie
identity for any n - 1 elements a\,... ,an-\ e A one can cor respond adjoint deriva-
tion ad{ai , . . . ,an-i} £ Der A by the rule ad{ai , . . . ,an-]}an = [a i , . . . ,«„]. Denote
by Int A a space generated by adjoint derivations of A. Call a derivation D e Der A
inner, if D e l n t A . Then Der A is a Lie algebra under commutator {D\,D2)>-^
[Di,D2] := D1D2- D2D1 and IntA is its Lie ideal. If A has no center, IntA is
isomorphic to L{A).
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An n-Lie module over n-Lie algebra A is defined as a vector space M such that a
semi-direct sum A -I- A/ is once again n-Lie. These mean that the n-Lie multiplication
[,...,] on A is continued to A-I-M such that [ai, . . . ,«„] = 0, if at least two
arguments among ai,...,an belong to M and the n-Lie identity is true for any
a\,... ,an £ A -{- M. In other words,

[ a i , . . . , a , - , m , a , + i , . . . , f l n ] = - [ a i , . . . ,a , - ,a ,+i , m , . . . , a « ] , 1 < i < n,

[ a i , . . . , cin_i, [ a n , . . . , a2n-2, OT]] - [ a « , . . . , a2n-2, [ a i , . . . , a « - i , m]]

2/1-2

i—n

1, • • • , an-2 , [ « « , • • • , a2n-l],

ln-\

for any a i , . . . , an-2, an,..., a2n-i G A and m £ M. So, any module of n-Lie algebra
is an usual module of Lie algebra, if n = 2. If n > 2, then any module of n-Lie
algebra A is a Lie module of the basic Lie algebra L{A) under representation
p : A " ~ ' A -> End Af defined by p{a\ A • • • A an-\){m) = [a\,... ,an-\,m], such that

p{[ai,..., a«] A a«+i A • • A fl2«-2)

l ) ' + X a i A . . . A a, A . . . A an)p{ai A a«+i A • • • A a2«-2), (1)

for any a\,..., a2n-i S A. If M is a Lie module over Lie algebra L{A) that satisfies
the condition (1) for any a i , . . . ,a2n_2 S A, then we will say that Lie module
structure on M over L{A) can be prolonged to a n-Lie module structure over n-Lie
algebra A, or shortly that Lie module M can be prolonged to n-Lie module.

Example. For any n-Lie algebra A its adjoint module, i.e., a module with vector
space A and the action (ai A A an-\)b =^t«ii • • • )«n-ii^] is n-Lie module.

Let A be an n-Lie algebra. Denote by U{A) the universal enveloping algebra of
the Lie algebra L{A). Let Q{A) be an ideal of U{A) generated by elements

Xau.-,ain-i = [ f l l , • • • ) « « ] A an+\ A • • • A a 2 « - 2

n

- X)( - l ) ' ^" (« i A • • • A a,- • • • A a«) (a,- A a«+i A • • • A a2«-2).
( = 1

Let U{A) = U{A)/Q{A).
Any Lie module of L{A) can be prolonged to n-Lie module, if and only if it is

trivial 2(A)-module. In other words, there are one-to one correspondence between
n-Lie modules and I7(A)-modules. In this sense V{A) can be considered as universal
enveloping algebra of n-Lie algebra A.

Let M be a n-Lie module over n-Lie algebra A. Let Af be a subspace of M,
such that [a\,... ,ai-\,m,ai+\,... ,a2n-i] £ N, for any m £ M\, i = 1, . . . ,n, and
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a i , . . . , a , , . . . , a2n-i € A. In such case we wifl say that A' is n-Lie submodule of M.
Any modufe has trivial submodufes 0 and M. Caff M irreducible, if any its sub-
modufe is trivial. Caff M completely reducible, if it can be decomposed to a direct
sum of irreducibfe submodufes.

Proposition 2.1. Let M be a n-Lie module over n-Lie algebra A. Then M is irredu-
cible, if and only if M is irreducible as a Lie module over Lie algebra L(A). M is
completely reducible, if and only if M is completely reducible as a Lie module over
Lie algebra L{A).

3. VECTOR PRODUCT n-LIE ALGEBRA AND ITS MODULES

Let Vn be a vector product n-Lie afgebra over C. It is (n + f )-dimensionai and
the muftipfication on a basis { e j , . . . , en+i} is given by

[ei , . . . ,e / , . . . ,en+i] - (-f) 'e,, / = f , . . . , n + f.

For exampfe, Vi is the vector product afgebra on C^ and as a Lie algebra it is
isomorphic to .j/2-

Recaff that the Lie afgebra of sicew-symmetric n x n-matrices sOn, n > 3, is
semi-simpfe over K — C. More exactly, it is simpfe, if n 7̂  4 and has type S[n/2], if n is
odd and type Dn/2, if n is even. If n = 4, then so^ = A\® A\. For n = 3, SOT, = A\.

For A e Q denote by [X] a maximal integer, such that [X\ < L Let 7Ci,..., 7i[n/2]
be the fundamentaf weights of sOn and A/(a) be the irreducibfe 5On-modufe with
highest weight a. Any highest weight can be characterized by [n/2]-type of non-
negative integers {a i , . . . , a.\nir\\^ namely

a = ^ a,-71;.
1=1

There is another way to describe highest weights.
Suppose that a sequence of integers or half-integers X = {X\,..., \nii\\ satisfies

the following conditions

• -̂ 1 > -̂ 2 > • • • > '̂ [n/2] > 0, if n is odd and ^l > A2 > • • • > \Kl2\^ if « is even.
• a,-,( = f,..., [n/2], are nonnegative integers, where a,-= A,-— A,+i,/=

f ,. . . ,[n/2] - f and a[n/2] - 2l[ni2\, if « is odd and a«/2 = 4/2-1 + 4/2 , if «
is even.

Then any irreducibfe finite-dimensional Wn-module with highest weight a can be
restored by a such sequence X.

Let M be an irreducible 5On-module. For n ^ 4, set q{M) = r, if its highest
weight a satisfies the condition â  7̂  0, but â .- — 0, for any r' > r. For n = 4, set
q{M) = f, if 504-modufe is isomorphic to M,,, for some nonnegative integer / and

l = 2, if M ^ M,,r, for some t^r.
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Let a be a highest weight for iOn-module and n ^A. Then q{a) = 1, if and only if
a has the form kTt\ for some nonnegative integer k.

Any finite-dimensional irreducible 5'/2-module is isomorphic to ( Z + l ) -
dimensional irreducible module M; with highest weight /. Recall that any highest
weight of sh can be identified with some nonnegative integer. As we mentioned
above S04 = sh ® sli. Any irreducible 504-module M can be characterized by two
nonnegative integers (?, r) . Namely, M = M,^r = A/, (g> M^, where the action of
a-\-b on m' ® m", where a is an element of the first copy of 5/2 and b is an element
of the second copy of sh and m' e M,, m" e M^, is given by

(fl -I- b){m' 0 m") = a{m') ® m" + m' ® b{m").

Notice that in this realization to 5'O4-module M with q{M) = 1 corresponds the
sli © 5/2-module M,,,, for r > 0, f e Z.

Filippov (1985) proved that Vn is simple and any derivation of Vn is inner.
Therefore, A"~' Vn = Int Vn. More detailed observation of his proof shows that takes
place the following

Theorem 3.1. For any n>2, Der Vn = Int Vn = son+i. The isomorphism of Lie
algebras L(Vn) — sOn+\ can be given by

ei A • • • e,- A • • • ej A • • • A en+i ^ (-1)'+^+"+' e,;, ' < J-

where eij is a skew-symmetric matrix with (i,j)th component 1, {j,i)th component
— I and other components 0.

Lemma 3.2. Let M be sOn+\-module. Define quadratic elements Rijsk of U{son+i) by

Rijsk = eijesk + eisekj -\- eikep, 1 < i,j,s,k < n-h I.

Then M can be prolonged to n-Lie Vn-module, if and only if, Rtjskm = 0; for any
me M and 1 < / < n 4- 1,1 < j < s < k < n-\- l,i ^ {j,s,k}.

Proof. Below we use the following notation. If a,b,c,... are some vectors, then
{a,b,c,...) denotes their linear span and {a,b,c,...} denotes the set of these
elements and by (a, b,c,...) we denote the vector with components a,b,c.i....

Notice that Xa,_..._a2„_2 is skew-symmetric under arguments ai,...,an and
an+i,..., a^n-i- Therefore, X^, ..._a2„_2 = 0, if dimension of the subspace ( a i , . . . , an)
is less than n or dimension of the subspace (on+ i , . . . , ajn-i) is less than n — 2.

Suppose that d i m ( a i , . . . ,an) — n.
Check that Xa|,...,aĵ _2 = 0, if Vn 7̂  ( a i , . . . ,a2n-2)- We can assume that

« ! , . . . , a2n-2 are basic vectors. Suppose that [a^-• • ,an] - {e\,. ..,£1,.. .,en.^\]
for some / e { 1 , . . . , n - f 1}. Since Vn does not coincide with the subspace
{a\,.. .,a2n-2) and therefore, its dimension is less than n-\-\, we have
{an+\,..., a2n-2} = {e\,..., Si,..., ij,..., S,,..., en+i} for some j , s ^ i, j < s. Let
for simplicity ai = e i , . . . , a , _ i = e , _ i , a , = e ,+i , . . . ,an = Cn+i and ( an+ i , . . . ,02^-2) =
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We have

[a\,. ..,an] = [e\,...,ei,... ,e«+i] = ( - l ) ' e / .

Further

«r A an+l A • • • A a2n-2 = 0,

if ar ^ e,, ey, Cj. Therefore,

{a\ A- • -ar A- • • Aan){ar A an+] A • • • A a2n-2) = 0,

Let / : A"~'Vn -> son+\ be the isomorphism of Lie algebras constructed in
Theorem 3.L Prolong it to the isomorphism of universal enveloping algebras

Thus,

, ...,an]A (•«„+! A • • • A a2n-2))

- / ( ( - l ) ' e , - A ei A • • • e, A • • • ey A • • • ej A • • • A e«+

= - / ( e i A • • •. e, A • • • e's A • • • A en+i)

On the other hand

'l-(-i)'
- ( - 1

A

f

. . .a

A - -

1 A-

rA--

- e, - •

- - e,- -

- A a,

• i y

• • is •

•Ae«H

• • A e «

Aan+

- i ) x /

+ i ) x .

1 A

{ej

f(e

-A«2^

Aei A -

j Aei A

.-2)

- -e,

- - -e

ê  • • • A en

•«., • • • A e

Therefore, /(Xo,,...,a2„_2) = 0, and Xat,...,a2,,-2 —^' 'f the subspace generated by
a i , . . . , a2n-2 does not coincide with V«.

Now suppose that V^ is generated by elements a i , . . . ,a2n-2- As above we
can assume that these elements are basic elements and (a ! , . . . , «„ ) =
( e i , . . . , e,-,..., e«+i) and («„+] , . . . , a2«-2) = (^l, • • •, e,, • • •, e.?,..., 4 , • • •, ^n+i) for
some 1 < / < n + 1,1 <j<s<k<n+\,i^{j,s,k}. Then

[ a i , . . . , a«] A «„+! A • • • A a2n_2 = 0,

since e, e {fln+i,... ,a2«-2}- Calculations as above show that

-iy+"f(ai A • • • a, A • • • A a«)/(fl . A a«+, A • • • A fl2n-2) =
r=\
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So, /(Xa|,..._aj^_j) e {Rjjsk : 1 < / < n + 1,1 < 7,5,/: < n + 1). It is easy to check that
Rijsk is skew-symmetric by arguments j,s,k and Rijsk = 0, if / € {j,s,k}. So, son+i-
module M can be prolonged to n-Lie module, if and only if Rijsktn = 0, for any
m e M , l < i < n - | - l , l < y < 5 < / t < n - | - l . D

Below we use branching rules for irreducible modules corresponding to the
imbedding son~\ C sOn given in Boerner (1955). The proof of Theorem 1.1 is based
on the following:

Theorem 3.3. Let k > \.

(i) Let M = M{ct) be a finite-dimensional irreducible so2k+\-module with
highest weight a. = X^,_| a,7r/. Then M as a module over Lie subalgebra soik has a
submodule, isomorphic to A/(a), where a = X]i=i ^•''^i ^"'^ ^'•i = oci, i = \,... ,k — I,
and a.k = <x.k-\ + dk-

(ii) Let M = A/(a) be a finite-dimensional irreducible soik-module with
highest weight a = X],_i otiTii. Then M as a module over Lie subalgebra so2k-i has a
submodule, isomorphic to M{oi.), where a = X ĵCi SiJt,- and a,- = a,, / = 1, . . . ,^ — 2,

Proof, (i) Take

k-l

h = Oik/2, 2.i = J 2 a j - \ - c i k / 2 , \ < i < k - l .

According to branching Theorem 12.1b (Boerner, 1955), any 5O2i-submodule of
M{a) has weight of the form a, such that corresponding I satisfies the following
inequality

The Xj are integral or half-integral according to what the Xj are. If we take A, := 1,,
then such I satisfies these conditions. Therefore, M(a) has 502*-submodule iso-
morphic to Af(a), where a = J2'i=i ^''"•'^ ̂ ' = ^i ~ ^i+i = o<n for / = 1 , . . . , ^ - 1,
and Oik = A/i_i -|- A,t = Xk-\ -\- Xk = oi-k-i + <^k- So, the iO2;t+i-module M(a) as so2k-
module has a submodule isomorphic to M(a), where a — YMZI '^i^i + i'^k-i + a*)?^ .̂

(ii) We have

a,- = Xi - A,+i, 1 < /• < fc - 1, ak= Xk-i + h-

By branching Theorem 12.1a (Boerner, 1955), any .?02i-i-submodule of M(a)
is isomorphic to A/(a), such that corresponding I satisfies the following
inequality

Ai > \l\\ >h>--->h-\ >\h-\\>\h\-
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The Ij are integral or half-integral according to what the 2.j are. Notice that a
sequence I constructed by the following way satisfies these conditions

So, so2k-modu\e M{a) as so2;t-i-module has submodule M(a), where

a, = ~li - I,+i = a,-, \ < i <k — 2,

Corollary 3.4. Let n> A and M be irreducible son-module such that q{M) > I.
Then M as a module over subalgebra so,,_i C sOn has a submodule M, such that
q(M) > 1.

Proof. It is easy to see that for irreducible module M with highest weight a, the
condition q{M) > 1, is equivalent to the condition J^,^, a, > 0.

Let a be highest weight of sOn-\, defined by a, = a,,; '= 1 , . . . , A; - 1, and
OLk-ak-\+ak, if n = 2k+\, and a,-= a , , / = 1 , . . . ,A: - 2, ak-\ = ak-\ + o^k, if
n = 2L

Notice that

2^«/ = 2^«'+2at> > ^a,,

if n = 2)t-|- l,it > 1 and

i{n = 2k,k> 2.
By Theorem 3.3, Wn-module M = M{a.) as son_i-module has a submodule

isomorphic to M = M(a). If q{M) > 1, then q(M) > 1. D

Notice that gin can be realized as a Lie algebra of derivations of K[x\,..., Xn] of
the form Yllj=[ ^ij^i^j^ ^u £ ^- Its subalgebra sOn is generated by elements
ejj = Xjdj - Xjdi. The set {e^ : 1 < «' < y < «} consists of basis of sOn. The multiplication
on SOn can be given by

[eij,esk] = 0, if \{i,j,s,k}\ = 4,

Lemma 3.5. Let M = M,^r be an irreducible so^-module. Then M can be prolonged
to 3-module over 3-Lie vector product algebra V-j, if and only if t = r.
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Proof. The algebra 0̂4 has the basis {e,; A <i < j <A}. Take here another basis
{/,• : 1 < / < 6}, by

/l = {en + e34)/2, fi = (en - e24)/2, /3 = (en +

Then

[//,/,] = 0, / - 1 , 2 , 3 , 7 = 4,5,6.

We see that

ei2 — f\ - /4 , e\i = /2 + / 5 , Ci4

£23 = /3

and

^1234 = ei2e34 - ei3e24 + ei4e23 = Ci - C2,

where

Ci = /? + /I + /I, C2 = fl + /s' + fl

are Casimir elements of subalgebras (/i,/2,/3) — s/2 and (/4,/5,/6) — •̂ '2- Well
known that any irreducible finite-dimensional 5/2-module is uniquely defined by
eigenvalue of the Casimir operator on this module. Therefore, M,,. is 3-Lie module,
if and only '\i t = r.

Lemma 3.6. Let n> 3. Any irreducible sOn+\-module M(tni) can be prolonged to
n-Lie module of ¥„. Let M be an irreducible S0n+\-module with q{M) > 1. Then
M cannot be prolonged to n-Lie module over n-Lie algebra V .̂

Proof. Let n > 3. Let us consider realization of M{tn\) as a space of homogeneous
polynomials Ei<,-,<...<,-<«+i K-U^h •'' ^u-

By Lemma, 3.2, we need to check that

RijskU = O, f o r M = A:,-, • • • X ; , ,

for any {i,j,s,k}, such that 1 < / < n + 1, 1 < y < ^ < ^ < « + 1, i ^ {j,s,k} and
1 < /l < «2 < • • • < « ' ; < n + 1 -

Let I = {i,j,s,k}. Present u in the form vw, where î  = n/s/n{ii i,}-^
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Therefore it is enough to check that Rijskiv) = 0, for elements i; e M(tn[) of the
form

V = XiXjXsXk, I <i <n+l, I <j <s <k <n + l, i^ {j,s,k},

V = XjXsXk, i<j<s<k<n+\,

V — XiXsXk, l < i < n - | - l , l<s<k<n+l,

V = XjXk, t <j<k<n+l,

v = Xk, I <k

Let / ^ j , s, k. Then

- (x? -

Similarly,

Rijsk(XjXsXk) = 0, RijskiXiXsXk) = 0, RijskiXsXk) - 0,

Rijsk (xiXk) = 0, Rijsk (xk) = 0, «„•,, (x,) = 0,

So, we have checked that Q{Vn)M{t7n) = 0, if n > 3,
Suppose now that q(M) > 1, We need to prove that Rij^km y^ 0, for some

\<i<n+l,l<j<s<k<n+\ and m G M.
Let us use induction on n > 3. If n = 3, then by Lemma 3,5 any irreducible

iOn+i-module M with q(M) > 1 cannot be prolonged to n-Lie module. Suppose that
the statement is true forn - 1 > 3, If ^(M) > 1 for 5On+i-module M, then by Corol-
lary 3,4 there exists its Wn-submodule M, such that q{M) > 1. Then by inductive
suggestion there exists some Rijsk€Q(Vn-\)cU{son) and me'M, such that
Rijskm^O. Since me Hi CM and Rijsk E U(son) c U{sOn+\), this means that
Rijskin 7̂  0 as elements of M. So, we have proved that our statement for n. D

Proof of Theorem 1,1, (i) By Theorem 3.1, Lie algebra /\"~^'Vn = S0n+\ is
semi-simple. Therefore, by Weyl theorem and Proposition 2,1, any finite-dimensional
n-Lie representation of Vn is completely reducible,

(ii) and (iii) For n = 2 our statements are evident. Let n > 2. By Lemmas 3,6
and 3.5, M{tn\),n > 3, or M,^,,n = 3, is Vn-module for any nonnegative integer t
and any module with q{M) > 1 cannot be n-Lie module.
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