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n-LIE STRUCTURES THAT ARE GENERATED BY WRONSKIANS
A. S. Dzhumadil’daev UDC 512.554

Abstract: We study the (k+1)-Lie structures, k-left commutative and homotopy (k4 1)-Lie structures
with multiplication generated by Wronskians and prove that the nontrivial structures of n-Lie algebras
appear only in the case of small characteristic.
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Given a commutative associative algebra U with commuting derivations 0y, . .., 0p, the Jacobian on U is
the determinant
Oup -+ Ovup
Jacy (u1, ... up) = | : :
Opu1 -+ Opun

It is shown in [1,2] that (U, Jac,) as an n-arc algebra is n-Lie, for the Jacobian satisfies the Leibniz rule

Jacy (uy, ..., up—1,Jacy (Un, ..., um—1))
2n—1
= Z (_1)Z+n Ja’cn(JaCn(ub <oy Un—1, ui)a Upy - aﬂia s 7u2n71)7
i=n

where 4; indicates the omission of u;.
Another remarkable determinant is the Wronskian. Given a commutative associative algebra U with
derivation 0, the Wronskian on it is defined by the rule

uO ul “ e Uk

0Lk B dug Ouy --- Oug
(ug,...,ux) = : . . :

Fuy Fuy - OFuyg

The goal of this article is to study U as an n-arc algebra with respect to the product generated by the
Wronskian.

Take some vector spaces A and M, and the space T*(A, M) = Hom(A®*, M) of multilinear maps
Ax---xA— M in k arguments. Put T9(A, M) = M, TF(A,M) = 0 for k < 0, and T*(A, M) =
@k Tk(Av M) :

Take the kth exterior power AFA and the subspace C*(A, M) = Hom(AFA, M) of T*(A, M). Put
CO(A, M) = M, C*(A,M) =0 for k <0, and C*(A, M) = @, C*(A, M).

Suppose that A is an algebra with signature Q. This means [3] that € is the set of multilinear maps
Ax---xA— A Cal we Q an n-arc product if w € T"(A, A). Put |w| =n for w € T"(A, A). When
the signature is important, we will write (A, () instead of A. If £ consists of a single element w, put

A= (4w).

Let (A,w) be an n-arc algebra on a vector space A over a field K of characteristic p > 0, where w
is a multilinear n-arc map A x --- x A — A. Recall that a linear map D : A — A is called a derivation
of A if

n
D(w(ay,...,an)) = Zw(al, cenyaim1, D(ag), aiqy ...y an)
i=1

for all ai,...,a, € A. Take the linear map Ly, g4, , : A — A defined by the rule Ly, . 4, 0 =
w(ay,...,apn—1,a).
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Denote by Der A the algebra of all derivations of (A,w). The algebra (A, w) is called n-Lie [1] if w is
skew-symmetric and Lg, . 4, , € Der A for all ay,...,a,—1 € A. Sometimes the n-Lie algebras are called
Nambu—Takhtajan algebras, although V. T. Filippov was the first to introduce them.

Denote by Sym;, the permutation group; and by sgno, the parity of o € Sym,. Denote by Sym,,
the set of (k,l)-shuffles; these are o € Sym,,; such that o(1) < --- < o(k),and o(k+1) <--- < o(k+1).
Usually the set on which Sym,, acts is taken to be the standard {1,...,k}, but we will use some other
cardinality k sets, like {2,3,...,k + 1} in the definition of @); in Section 2. It will be clear from context
exactly which set is used.

Refer to an algebra (A, w) with n-arc product w as (n — 1)-left commutative if

Z sgn Jw(ag(l), ey ag(nfl), w(aa(n), ey ag(2n,2), agn_l)) =0
oESymy,, _o
for all ay,...,a9,—2,a9,-1 € A.
Call (A,w) homotopy n-Lie [4] if w € C™(A, A) and

Z sgn Uw(aa(l)a - Ag(n—1), w(aa(n)7 <o Ao (2n—-2)) ao(anl))) =0
o€Sym,,_; ,
for all ay,...,a2n,—2,a2,—1 € A. In [5] these algebras are called n-Lie algebras.
Call an algebra (A,Q) a homotopy Lie algebra [4] if © is a sequence wy,ws, ... with wy € CF(A4, A)
such that
Z sgn Uwi(aa(l), <y Qo (i—1), Wy (ao(i), cee ,ao(iJrj,l))) =0
oESYym;_ ;
for all a1, ...,aj4j—1 € Aand i, =1,2,....
We prove in Section 2 that every n-Lie algebra is (n — 1)-left commutative and every (n — 1)-left
commutative algebra is homotopy n-Lie. Some examples of Wronskian algebras show that the converse
is false.

1. Statement of the Main Result

Take a commutative associative algebra U with derivation 9. Suppose that Vit»ik = g A ... A 9%
is a generalized Wronskian: ' '
0wy oo OMuy
ViLik (ugy...,ug) = : : :
Okyy - Okuy
For instance, V%1:2-% i5 the standard Wronskian.

Theorem 1.1. Given a commutative associative algebra U over a field K of characteristic p > 0
with derivation 0, we have:

(i) For each k > 0 the algebra (U, V%F) is homotopy (k + 1)-Lie. Moreover, (U, {0, Ay VO bt
i=1,2,...}) is a homotopy Lie algebra for all \; € K, \; = 0.

(ii) The algebra (U, VO1-*) where k > 0, is k-left commutative iff k # 2.

(iii) The algebra (U, V1K) is (k + 1)-Lie iff one of the following conditions is fulfilled:

k =1 and p is an arbitrary prime or 0;
k=2andp=2;
k=3 andp=3;
k=4 andp=2.

By Theorem 1.1 Wronskians arise as n-Lie products for n > 2 only in the case of small positive
characteristic p = 2,3. The following result is established in [1]: if A is an n-Lie algebra with product w
then A is (n — 1)-Lie with product i(a)w for all @ € A. Here by i(a)w we understand the (n — 1)-product
defined by the rule

i(a)w(ay,...,an-1) =w(a,a1,...,ap—1).

Using this construction, we can obtain from (k 4 1)-Lie algebras V%!* other n-Lie algebras for n < k.
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Theorem 1.2. For n > 2 and p = char K > 0, the following generalized Wronskians are n-Lie
products:

n =2 l
p=2 V¥ F 0<i<
2! . .
p=2 YV o<y
i=1
p=3 V¥ o<
n=3
p= 9 V1’2’4
p= 2 V2’3’4
) 2l
p=2, >, Vo’i’2l+1*i, 0<i;
=1
p=3, V%
n—=4
p= 9 V1’2’3’4'
p= 3 V0’1’2’3'
n==>5
p= ) V0’1’2’3’4.

Lk ig an n-Lie product only in the case of

In case of a field of characteristic 0, the Wronskian V°
Lie algebras: n =2, k= 1.

Note that every 3-Lie algebra over a field of characteristic 3 forms a Lie triple system. There is
a standard method for associating a Lie algebra to a Lie triple system [6]. Thus, to each 3-Lie algebra of
characteristic 3 we can associate a Lie algebra. The simple Lie algebras corresponding to our 3-Lie
algebras of characteristic 3 are the Kuznetsov—Ermolaev exceptional simple algebras [7]. The series
of simple n-Lie algebras of characteristic p are constructed in [8]. Our n-Lie algebras generated by
Wronskians are exceptional in the sense that they cannot be defined in the case of characteristic p > 3.

Two ideas underlie our calculations. The first is the following “polynomial trick.” Suppose that
some statement 2" about a unital commutative associative algebra U with commuting derivations ¥ =

(01, ...,0p) follows from the linear properties of U, its commutativity, its associativity, the properties of its
identity element, the Leibniz rule for 0, ..., 0y, and the commutation [9;, 9;] = 0 of the derivations, ¢, j =
1,2,...,n. Then 2 holds for every unital commutative associative algebra with commuting derivations.

In particular, we can take as U the polynomial algebra K|x1,...,z,] with 9; = 9/0x;, or the divided
powers algebra (in the case p > 0)

On(m)_{xa_ w(ai):OSOCZ'<pmi7m_(m17"'7mn)}7

=1
n
l‘aﬂfﬁ _ H <Oéi + ﬁz) a+,6”
(&%)
=1
with the special derivations
O:x%—z"% ¢=1(0,...,0,1,0,...,0), i=1,...,n.

The second idea has to do with Z-invariant polynomials [9]. If 2 = {0i,...,0,} is a system of
commuting derivations then ¢ € T*(U, U ) is called Z-invariant provided that

k
aw(ula s ,Uk) = Z¢(u17 s ,uiflaauivul?kla .- 'auk‘)

=1
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for all u1,...,ur € U and 0 € 2. In other words, v is Y-invariant if each 0 € & is a derivation for .
Note that U is Z-graded:

U=@Us, UU CUs, Up= (1),

s>0

U CUsq, U?={ucU:0u=0Vi=1,...,n}="U,.

Given a graded Z-invariant multilinear map ¢ € T*(U,U), denote by 7 the multilinear form 71 €
T*(U,Up) defined on the homogeneous basis elements e1,...,ex € U by m(eq,...,ex) = ¥(er, ..., ex) if
Yler, ... ex) € Uy, and mip(er, ..., ex) = 0if (er, ..., ex) € @, oo Us. Call w9 the support of 1), and call

a k-tuple (e1,...,er) of homogeneous basis elements such that mi(e1,...,ex) # 0 a supporting chain.
Denote by T' the set of supporting chains. We can [9] reconstruct ¢ from 7t uniquely:
o™ 0%
P(ur, ..., ux) = Z () mk)m,b(xo‘l,...,ajo‘k).

oq! oy
{a1,02,...,ap €T ! F

Therefore, to find a Z-multilinear form, it suffices to compute its support. We use this argument below in
calculating Qv, Qshort?s Quong?’, and Qair?p. In our case, n = 1, and the reconstruction formula reduces to

8i1u1 leuk
Y= Z Aigyeoir =g Ty

21- U -
i1yein€l 1 k

where \;, ;= mp(x™, ..., 2%) € K. In the divided powers case z* and 8;—,“ should be replaced by z(*)

and O'u.

2. Connections Between n-Lie, (n — 1)-Left Commutative,
and Homotopy n-Lie Structures

Define the quadratic maps
Q7 Qshorta Qlong7 Qalt : Ck (A) A) - Tzkil (A7 A)

as follows:

Qw(ala e 7a21€—1) = Q;Z)(ala ey ak—lvw(aka o aa2k—1))

k—1
- Z w(alﬁ ... )ak—‘ri—l) 1/1((11, ey Qp—1, ak—l—i)) ak+i+17 L ,(IQk_l),
=0
Qlongw(ala Y 7a2k71)
= > SEN OY(Ag(1)s - - - 5 Qo (k—2)s Qo (k—1)> V(Aa(k)s - - - » A(2k—1)))5
o€Symy,_ y,0(k—1)=2k—1

Qshortw(ah sy a2k71)
= Z sgn O-w(aa(l)a <o Qo (k—1)5 lp(ao‘(kﬁ -5 00 (2k—2)5 a2k—1))7
o€Symy,_1 1,0 (2k—1)=2k—1
Qawt(ay, - . ., azk-1)
= Z sgn U¢(ao(1)’ <. 7ao(k—1)7¢(aa(k)a <oy Qg(2k—2) 5 ao‘(2k—1)))‘

UGSymk—l,k
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These definitions split {a,...,as;—1} into two types. Call the elements of the (k — 1)-element subset
{a1,...,ax—1} short, and those of the k-element subset {ag,...,a2,_1} long.

If v € CK(A, A) then Qy € T?* (A, A) is skew-symmetric in all short and all long arguments
separately; i.e., in the first K — 1 and last k£ arguments. It is easy to see that Qgnort?) € T2k*1(A, A) is
skew-symmetric in all short arguments and in all but one long arguments, for ¢» € C*(A, A). Similarly
Qiong? € T 2k=1(A, A) is skew-symmetric in all short arguments and in all but one long arguments, for
1 € C¥(A, A). Note that Q.10 € C*F~1(A, A).

Proposition 2.1. Suppose that w € C*(A, A) and one of the following conditions is fulfilled:
p=0,k>2;
p>0,k#0,1(modp), k= 1(mod 2);
p >0, k# —1,2(modp), k = 0(mod 2).

Then

(i) if Qw = 0 then Qshortw = 0 and Qlongw = 0;

(i) if Qshortw = 0 or Qiongw = 0 then Quw = 0.

ProoF. Call o € Symy,_, ; a short permutation if o(k — 1) = 2k — 1. To each short permutation o

there correspond a (k — 2)-tuple r/(0) and a k-tuple r”(o) defined by

(o) ={o(1),...,0(k—=2)}, 7"(c)={o(k),...,0(2k—1)}.
Call 0 € Symy,_;, a long permutation if o(2k — 1) = 2k — 1. To each long permutation o there
correspond a (k — 1)-tuple 7/(c) and a (k — 1)-tuple (o) defined by
(o) ={o(1),...,0(k—=1)}, 7"(c)={o(k),...,0(2k—2)}.

Note that
r'(o)ur’(o) ={1,...,2k — 2}

for all ¢ € Symy,_; ;. In other words, every 7/(c) is uniquely determined by (o).
Call the element

Ay = ¢(a0(1)7 coey Qo (k1)) w(aa(k)v s aa(2k—1)))
short (long) o-element, or simply short (long) element if o is a short (long) permutation. Denote by
Symj_; ; and Symgg_Lk the sets of all short and long permutations. It is obvious that
Symy,_q 5, = Symj,_; U Symfk—l,k

and

Qaltw = Qshortw + Qlongw- (1)
The identity Qi = 0 for ¢ € C*(A, A) yields

V(1) - - 5 Go(k—1), V(o (k) - - - Go(26-1)))
o

H

D N (s - -5 Qo (hri)s - - -5 Qo (@k—1)> V(o (1)s - - - o (k1) To(b+1)))- (2)
:0

~.

In particular, (2) means that each short o-element can be written as a sum of k long elements.
More precisely, a short element A, is the sum of k long elements A, for such long permutations 7 that
(1) C r"(o). Since |r"(c) \ /(7)| = 1, there is only one element, say 7, such that /(o) = 7/(7) U {i}.
Hence, i < 2k — 2 and i is not equal to k — 1 elements in /(7). Thus, there exist k — 1 choices for i.

In other words, in accordance with (2)

Qlongw(ala <o 7a2k71) = Z sgn Uw(aa(lﬁ < Qo(k—1)) 1/1(%(1:), B aa(2k—l)))

oESymZilyk
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can be written as

(k_ 1) Z ¢(a’0'(1)7""aa(k—l)v¢(a0(k)a"'aaU(Qk—l)))‘

crESyrr1§9717,c
Therefore, the conditions 1) € C¥(A, A) and Qv = 0 yield

Qlong¢ = (k - 1)Qshortw~ (3)

Let us reinterpret (2). If o is a long permutation then A, is a sum of k — 1 short elements and one
long element Az, where

(1 e k-1 koo 2%k—2 2k-—1
J_(a(k) o o(2k=2) o(1) - o(k—1) 2k—1)'

Thus, A, can be written as the sum of short elements A, where /(1) C r”(c). More precisely, (o) \
(1) = {i} for some i € {1,2,...,2k—2}, and i can be equal to one of k —2 elements in 7/(7). Thus, here
there are k possibilities for a long permutation o such that A; can be one of the terms in A,. Note that

k

sgno = (—1)*1sgna.

Consequently, the sum of sgn oA, over all o € Symi,fl’k in accordance with (2) yields

Qshortw = leongw + (_1)k71Qsh0rt¢- (4)
The determinant of the linear system (3)—(4) is equal to
1 —k+1 . 9 k.
‘k I R el

hence, the conditions Qi = 0 and ¢ € C*(A, A) imply the identities

Qlong? + 2Qshort? =0, k= —1(modp), k = 0(mod 2), p > 0,
Qiong? — Qshort?? =0, &k =2(modp), k= 0(mod2), p>0,
Qlong? + Qshort?? =0, k= 0(mod p), k = 1(mod 2), p > 0,

Qiong® =0, k= 1(modp), k=1(mod2), p >0,

and
Qiong? =0,  Qshort¥ =0, p=0, k> 2.
Thus, by (1)
Qart =0
ifp=0,and k> 2 or k #0,1(modp), k = 1(mod2), or k #Z —1,2(mod p), k = 0(mod 2).

Corollary 2.2. If (A,w) is an n-Lie algebra then it is (n — 1)-left commutative. If (A,w) is (n—1)-
left commutative then it is homotopy n-Lie.

In particular, every n-Lie algebra is homotopy n-Lie. Theorems 1.1 and 1.2 show that the converse
is not true.
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3. Proofs of Theorems 1.1 and 1.2
Take Z" = {a = (ov1,...,an) : oy € Z} and Z = {a € Z" : ; > 0, i = 1,...,n}. Given o € Z", put

n
la| = Z Q.
i=1

Take a commutative associative algebra U with a derivation 9. Take ¢ € C*(U,U) and g € CY(U, U).
Define f — g, f A g € C¥(U,U) and bilinear maps

Q(f,9), Qan(f,9) € C*HU,U),  Qunore(f,9) € TF1(U,U)

as follows:
f—glur,...;upyr) = flur, ... ug)g(upsr, - .o Ugtr),
fAglur,. .. upy) = Z sgno(f \”g)(ua(l)v'”vua(kJrl))a
o€Symy,
frglut, ... upqi—1) = fur, .. up—1,g(Ug, - - Uk yi-1)),
Q(fa .g) = f(ula v 7uk—lvg(uk’> s 7uk+l—1))
l
- Zg(ukv sy Uk4i—2, f(ula sy Uk—1, uk-‘ri—l)vuk’-i-iv v auk-i-l—l)?
=1
Qalt(f7 g)(ula s 7uk+l—1) = Z sgna(f *g)(ua(l)a s 7ua(k+l—1))a
oE€Symy,_q ;
Qshort(f)g)(ula s uk:-l—l—l) = Z sgna(f *g)(ua(1)7 <o Ug(k41-2)5 uk‘-l—l—l)-

oESymy,_1 ;4

Note that the definitions of ) as bilinear maps agree with the definitions of ) as quadratic maps in
the previous section:

QU f)=Q(f), Qax(f. f)=Qak(f), Qshort(fs[f)= Qshort(f)-
Since (C*(U,U),—) is associative, so is (C*(U,U), A). Put
Cles(U)={0" N NO™ 10 <y <o <dpyig + oo +dp = s}
and

Cho(U) =P . ,(U).

Note that V* € Cf _ |O[‘(U) for all « € Z%. Put || = s for ¢ € C{f)c’s(U).

Given ¢ € T*(A, A), define i(a)y € TF~1(A, A) by

i(a)¢(a1, Ce ,ak_l) = 7,/}((1, A1y ..y ak_l).

Proposition 3.1. If is k-Lie then i(a)y is (k — 1)-Lie for each a € A.

PRrROOF. See [1].
Proposition 3.1 can be modified as follows:

Lemma 3.2. If ¢ is k-Lie then for the (k — l)-Lie product 1, := i(ay)i(az)---i(a;)yp we have
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Lemma 3.3. CF

loc,s

PROOF. If0 # 9 A---NO* € CF

loc,s

(U)=0 for s < k(k—1)/2.
(U)thens =iy 4+ 4ip >0+1+24+---+(k—1) = (k—1)k/2.

Lemma 3.4 (see [10]). Qa(V*,VF) € C’lli;l'a‘lﬂﬁl(U) for all « € Z% and B € Z,.

Corollary 3.5. Qi (VOlk VOLl)y =0 for all k,1 > 0.
PrOOF. Note that |VO1F| = k(k + 1)/2; hence,

Qalt(vﬂ,l,...,k’7 V071’ . ) € Ck:—H

loc,(k2412+k+1)/2 U).

It is obvious that (k2 +12+k+1)/2 < (k+1+1)(k+1)/2, and so Clot (k2+l2+k+l)/2(U) = 0 by Lemma 3.3.
Thus, Quy (VO1ek, V0Lnl) — 0,

Lemma 3.6. If k > 2 then Qgpnopt(VOlF VOLF)y = 0. If k = 2 then Qgport (V12 VO12) =
2V 0123 id.

PROOF. Note that Qgore (VO 1% VO1oF) is a linear combination of cochains (9% A --- A §%2k) —

O"k+1 such that 41 4 -+ +dgp +dopyr = k2 + kand 0 < iy < ig < --+ < ig. We have 47 + -+ + dgy, >
04+1+2+---4(2k—1) = (2k — 1)k. Consequently,

/{72+k:i1—|—"'+i2k+1>(2k‘—1)k‘.

The inequality is impossible for k > 2.
Consider the case k = 2. We have

Qshort(VO’1’2 V0,1,2) AV0L23 g0 (5)

for some A € K. We deduced this formula using only the associativity, commutativity, linear properties
of U, and the Leibniz rule for derivations. Therefore, (5) holds for every commutative associative alge-
bra U with derivation 9, and A is independent of U and 9. In particular, we can take U = K|z| and
0 = 0/0x. We have

Qshort(VO’l’Q, V0’1’2)(1, z, 22, 23, 1) = AV 0123 80(1,30, z2, 23, 1).

Furthermore,
Outont (VO VOL2) (1 2 02, 23 1)
— YOL2(1 5 VOL2(32 43 1)) — VOL2(1, 22, VO (2, 25, 1))
+VOL2(1, 23 VOL2 (2, 22 1)) + VOL2 (2, 22, VOL2(1,23,1))
—V0’1’2(58,1E3, V0’1’2(x,:z2, 1))+ V0’1’2(33 z° V0’1’2(1 x,1))
= 02(VOL2(1, 22, 2%)) — VOL2(1, 22, 62)) + VO12(1, 23, 220)
+VOL2( 22 0) — VOL2 (2, 23, 22°) + VOL2(22,23,0) = 24
and
AVOL23 901z, 2%, 23, 1) = 12,
Thus, A = 2.

Lemma 3.7. Take 1) € C¥(A, A). Let X and Y be the linear spans of the sets {ay,...,ax_1} and
{bl,...,bk}. If X - Y then Q¢(a1,...,ak_l,bl,...,bk) =0.

PROOF. Suppose that X CY and dimY =1 < k.
Since v is skew-symmetric for [ < k, we have ¢ (by,...,bx) = 0 for all by,..., b € Y, and ¥(aq,...,
ak—1,b;) =0 for all ay,...,ax_1 € X CY,b; € Y. Thus, in this case

Qw(al, e ,ak,l,bl, e ,bk) =0.
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Suppose that dimY = k. If dim X < k — 1 then similar reasoning shows that

Y(eiys ..y €ip_,,¢) =0

for all ¢ € A. Thus, the lemma holds in this case.

It remains to consider the case dim X =k — 1, dimY = k.

Take a basis {e1,...,er} of Y such that {ej,...,ex_1} is a basis of X. Since Qv is multilinear in
ai,...,ap—1 and by, ..., bx; to prove the lemma, it suffices to establish that

Qw(el) <oy €k—1,€1,- - '76k) = 0.

Since 1 is skew-symmetric,
w(eh ey k-1, ei) =0
for all i < k — 1. Thus,

k
Z¢(€1; s €in1, P(€1y Ch—1, i), €01y s k) = (€1, .y et (e, e, ek))
i=1
In other words, Qi (e1,...,ex—1,€1,...,e) = 0. This completes the proof of the lemma.

Lemma 3.8. If p =3 then V123 is a 4-Lie product.

Proor. We have
|V0’1’2’3‘ =6 = |Qvo,1,2,3

Here is the list of (3,4)-partitions of 12:
I'34(12) = {({0,1,2},{0,1,2,6}), {0,1,2},{0,1,3,5}), ({0,1,2},{0,2,3,4}),
({0,1,3},{0,1,2,5}), ({0,1,3},{0,1,3,4}), ({0,1,4},{0,1,2,4}), ({0,1,5},{0,1,2,3}),
({0,2,3},{0,1,2,4}), ({0,2,4},{0,1,2,3}), ({1,2,3},{0,1,2,3})}.

=12.

Thus,

QV0’1’2’3 — Z )‘(a,,@)va - V’B, (6)
(Oc,ﬁ)EFgA(lQ)

where o« = {il,iz,ig}, ﬁ = {i4,i5,i6,i7}, 0< 1 <20 <i3, 0 1y <15 < tg <y, i1+ ---+17 =12
Formula (6) is deduced using only the Leibniz rule, and so it is universal: the coefficients A\, 3 are
independent of U and 0. In particular, we can take U = Q[z] and 0 = 9/0,. To find A\, g, we can take

aj =2 1=1,...,7, and compute QV?1%3 in k[z]. We have
A — 1 Qvo,172,3.

B i!. .. i7!
By Lemma 3.7

QVOL23(1, 2,22 1,2, 22, 29)

QV0’1’2’3(1, z, 23,1, 2,22, x4)

0
0,
0

0,1,2,3 4 2 4
Qv7,7(1’x7l‘71’x7$ 7m)

Thus, A\q,3 = 0 for

(o, B) € {({0,1,2},{0,1,2,6}), ({0,1,3},{0,1,3,4}), ({0,1,4},{0,1,2,4})}.
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Further,

1 22 23 xt
0 2z 322 423
0,1,2,3 2 .3 4\ _ 3
14 (1,z%,2°,2%) = 0 2 6r 1222 = 48z°,
0 0 6 24z
1 z a2 xt
0 1 2z 4z°
0,1,2,3 2 4y _
\% (Lz,z%,2%) = 0 0 2 1222 = 48x.
0 0 0 2x
Thus,
QV0’1’2’3(1,:U, 21, x2,x3,x4) _ V0’1’2’3(1, 2,22, V0’1’2’3(1,x2,x3, $4)) —0-0
—V0’1’2’3(1, z2, 3, V0’1’2’3(1, x,xQ,x4)) = 48VO’1’2’3<1,$,3}2,1’3) — 48V0’1’2’3(1,x2,x3, z)=0
and
Af0,1,23,{0,2,34} = 0
We have
1 =z 2 xP
0 1 322 524
0,1,2,3 3 .5\ _ _ 3
v (Lx,2°,2°) = 00 62 92023 = 240x°,
0 0 6 6022
1 = 22 xP
0 1 2z b5zt
0,1,2,3 2 .5\ _ _ 2
\% (Lz,z%,2°) = 00 2 202° = 120z~.
0 0 0 6022
Consequently,
QVOLE3 (1, a, 2% 1,2, 2%, 2)
_ V0’1’2’3(1, a2, V0’1’2’3(1, z, 1%, 335)) _0-0— V0’1’2’3(1, z, 25, V0’1’2’3(1, o, 22, x5))
= 240VOL23(1, 2, 22 23) — 120V 0123(1, 2, 23, %)
=360V0023(1, 2, 22, 23) = 4320
and

) B 4320 B
{0.121{0.1.3,5F = 1119101113151 —
Similar calculations show that

A0,1,3},{0,1,2,5) = —3, A[0,1,5},{0,1,2,3} = 35 A{0,2,3},{0,1,2,4} = A{0,2,4},{0,1,2,3} = 0.
We have thus established that
QU123 _ 0120135 _ g 01310125 | gp0.15y/0.1.2.3)
In particular, QV %123 =0 if p = 3.

Corollary 3.9. If p =3 then V123 is a 3-Lie product, and V?3 is a 2-Lie product.
Proor. This follows from Lemma 3.8, Proposition 3.1, and the formulas

i(l)V0’1’2’3 — yl23 i(x)V1’2’3 — 23
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Lemma 3.10. Ifp = 2 then V%1234 js a 5-Lie product.

The proof is similar to that of Lemma 3.8, and so we skip details. We have

|V0,172,3,4’ — 10 = ‘Qvo,l,2,3 — 20

Consequently, QV%1:23 is a linear combination of V* — V# where (o, B) € 'y 5(20), and
I'y5(20) = {({O, 1,2,3},{0,1,2,3,8}), ({0,1,2,3},{0,1,2,4,7}),
({0,1,2,3},{0,1,2,5,6}), ({0,1,2,3},{0,1,3,4,6}), ({0,1,2,3},{0,2,3,4,5}),
({0,1,2,4},{0,1,2,3,7}), ({0,1,2,4},{0,1,2,4,6}), ({0,1,2,4},0,1,3,4,5}),
({0,1,2,5},{0,1,2,3,6}), ({0,1,2,5},{0,1,2,4,5}), ({0,1,3,4},{0,1,2,3,6}),
({0,1,3,4},{0,1,2,4,5}), ({0,1,2,6},{0,1,2,3,5}), ({0,1,3,5},{0,1,2,3,5}),
({0,2,3,4},{0,1,2,3,5}), ({0,1,2,7},{0,1,2,3,4}), ({0,1,3,6},{0,1,2,3,4}),
({0,1,4,5},{0,1,2,3,4}), ({0,2,3,5},{0,1,2,3,4}), ({1,2,3,4},{0,1,2,3,4})}.
Thus, there exists A\, g € Z such that
QUOIH = N A Ve — VI
(c,3)€T'4,5(20)
Calculations like those in the proof of Lemma 3.8 show that
QVO1234 — 40 12T 01234 4 op/0.13,61/0,1.234 _ 91/0,1.4,51/0,1,2,3.4
1102351701234 | o170.1261701235 _ o770.2,3,47,0,1,2,3,5
_9y0.125170,1,23,6 _ 9170,1,341/0,1,2.36 _ 41/0,1,2,47,0,1,2,3,7

Loy 01341/0.1245 | 41/0.1231,01,247 | 9170,1,2,37,0,1,2,56
_oy0.1241/01345 | 91/01237/0.1.346 | 9170,1,231,0234.5

In particular, if p = 2 then QV%1:234 = (.

Corollary 3.11. If p = 2 then V1234 is a 4-Lie product, V*3* is a 3-Lie product, and V3% is
a 2-Lie product.

Proor. This follows from Lemma 3.10, Proposition 3.1, and the formulas
yL234 _ i(l)V0’1’2’3’4 V234 — i(w)V1’2’3’4 V34— i(xQ)V2,3,4/2‘

REMARK. The explicit expressions for QV1234 QU234 Q34 QV123 QV?3 over Z follow easily
from the calculations of QV%1234 and QV%1.23, For instance,

QU234 — gy 1271234 | 913611234 _ 9y/145y/1.234
LoY235Y 1234 4 oy 12611235 _ 91/2347/1.2.35
_opL25 L2386 _ o1/ 13411236 _ 41/1,24771,23,7
Loy L34y 1245 | 4112311247 4 91/12.37/1.256
oy L241/1345 | 91123171346 | o171237/2345

and
QV1,2,3 _ 3y L2y L35 _ gy L3y L5 4 gy L5123
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Lemma 3.12. Suppose that U = O1(m),p > 0. We have
(i) 09 € Der U, iff ¢ = p* for some k > 0;
(i) OP"~1 A 0P" is 2-Lie iff either p=2 orp =3 and k = 1;
(iii) o =2 A 9P =1 A 9P s 3-Lie ifp=3andk=1,orp=2andk=1,orp=2 and k = 2.

PROOF. The case k = 1 is dealt with above. Since OP" is a derivation, the polynomial principle
shows that the statement holds in general.

Corollary 3.13. (i) p=3. For all k € Z, the operation o P Ao s 2-Lie.
(ii) p = 2. For all k,l € Z. with k > [ the operation o =r' A or* is 2-Lie.

ProoF. (i) For p = 3 we have p¥ — p¥~! = 2p¥~1 and p* = 3p*~!. Since F = oP* " € Der U, the
claim follows from Lemma 3.12(ii) applied to F' in place of 0.

(ii) For p = 2 we have p* — p! = p!(p*~! —1) and p* = p*~!p'. Thus, for F = 6pl, we have oP" = FP*~
and 9P"~P' = FP"7'=1 The claim follows from Lemma 3.12(ii) applied to P in place of ot

Proor OoF THEOREM 1.1.

(i) See Corollary 3.5.

(ii) See Lemma 3.6.

(iii) Suppose that (U, VO19) is (¢ 4 1)-Lie. If ¢ = 1 then it is also 2-Lie for every characteristic p.

Suppose that ¢ > 1. By Proposition 3.1 V¢ = i(1)i(z) - - -i(2(@ D)V %14 is 1-Lie; i.e., 37 € Der U.
This is impossible for ¢ > 1 and p = 0.

Thus, p > 0. Take U = O1(m). By Lemma 3.12(i) ¢ must be a power of p. Suppose that ¢ = p.

By Proposition 3.1 VP =12 = j(1)i(x)...i(z® ~2)VOL-2" is 2.Lie. By Lemma 3.12(ii) this is
possible in the cases p=2or p=3 and t = 1.

By Proposition 3.1 V2 =22 =12 — i(1)i(z) - - - i(x@ =3 V012" ig 3-Lie. By Lemma 3.12(iii) this is
possible only in the cases p=2,t =1 or p =2, t = 2. This completes the proof of Theorem 1.1.

The proof of Theorem 1.2 follows from Corollaries 3.9 and 3.11. Similarly it is possible to prove that

23121 V02411 s 3 Lie for p = 2. By Proposition 3.1 E?lzl Vi2'+1-i is 9 Lie for p=2.

1
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