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1. Introduction

Let G be a digraph with possible multiple edges and loops. Suppose that edges of
G are labeled by distinct indices. We consider decompositions of G into edge-disjoint
increasing paths. This means that we partition the edge set into paths so that edge
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labels increase along every path. Paths that we consider are directed and not simple in
general, i.e. they may contain cycles, but no repetition of any edge is allowed. Let us say
that such decompositions are principal. Note that if G is decomposed into one path, it
is clearly an Euler tour. If G has one vertex 1 and m labeled loops (1, 1), then principal
decompositions correspond to partitions of set [m] :={1,...,m}.

In our paper we consider applications of this combinatorial setting related to Weyl
algebra. The main idea behind our results is connection of graph decompositions with
differential operators. We introduce the G-Stirling function which counts decompositions
by sources (and sinks) of paths and it is defined as follows:

Sa(I) ;= the number of principal decompositions of G with multiset of sources I.

If G has one vertex, then Sg(I) becomes Stirling number of the second kind S(m, k),
where |I| = k and G has m labeled loops (1,1). So, S¢(I) is a path partition version of
the classical Stirling numbers (of second kind).

We obtain that coefficients in normal ordering composition of the n-th Weyl algebra
A, generated by x1,...,x,,01,...,0, enumerate principal digraph decompositions with
prescribed sets of sources and sinks. Related coefficients are the values of G-Stirling
function. For example, the typical formula in our interpretation is

[[:05 = >_Sa(D]] = [0
(=1 I

i€l jeJ

where (i¢,j¢) is an edge of G with the label ¢, sum runs over all multisets of sources I,
and J is a multiset of sinks (which is determined uniquely from the given I'). This fact
(in its general form, Theorem 3.1) gives a graph-theoretic combinatorial interpretation
to the normal ordering problem, including the case n = 1, which was studied well (e.g.
[2,3,5,10-13,16]). Apparently for n = 1, our interpretations are similar with graph com-
binatorial models studied in [2].

Consider the skew-symmetric polynomials s, as m-ary operations on Weyl algebra

Sm(X17 PN ,Xm) = Z Sgn(U)XU(l) s Xc,(m).
0ESm

We are interested in a question whether s,, = 0 is an identity on a certain sub-
space W of Weyl algebra (W C A,), or whether it is an m-commutator, i.e. that
Sm(X1,. ., Xom) € Wfor all Xq,...,X,, € W.

Weyl algebra has no polynomial identities except associativity (Corollary 5 of The-
orem 1 in [9]). So, to explore possible nontrivial identities or commutators, one has to
restrict the class to smaller subspaces. For example, a classical result due to Lie, Jacobi,
Poisson, is that the space

ATV = (wd; |u e Klzy,...,z0),i=1,...,n)
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can be identified as a space of vector fields Vect(n) and it has a 2-commutator,
[X,Y]=XY -YX €AY

for all X|Y € Agf’l). In [8] it was proved that AS;’l) has nontrivial N-commutator for
N =n? +2n — 2 and that SN+2 = 0 is identity.
Note that the space Agf’l) can be endowed by a left-symmetric multiplication

ud; 0 v0; = ud;(v)0;.

Under this multiplication Agf Y becomes a left-symmetric algebra, i.e. it satisfies the
following identity

(X,Y,2)=(Y,X,Z), where (X,Y,Z)=Xo(YoZ)—(XoY)oZ.

Left-symmetric algebras appear in differential geometry and physics and they are known
by many other names: Vinberg algebras, pre-Lie algebras, right-symmetric algebras, etc.

In [8] it was proved that the N-commutator sy is a well-defined operation not only
under the associative multiplication, which says that for all X;,..., Xy € A,(f’l)

(Xt X) = 3 Ko (o (oo o)+ € AT,
UeSn

but it can also be presented as an N-commutator under the left-symmetric multiplication

su(X1, . Xn) = > Koy o (- (Xov-1) © Xov) -+ ).
O’ESn

The next natural subspace of Weyl algebra is
ALY = (2,0, | 1 < 4,5 <n).
Note that the space AS}’” generates a subalgebra of Agf D as a left-symmetric algebra,
X =2;0;,Y = 2,0, € ALY = X oV =6, 0,0, € ALY,
but under the associative multiplication it is not closed,
X =2,0;,Y = 2,0, € ALY = X oY = §; y2,0 + 2,250;0, ¢ ALY,

The famous Amitsur—Levitzki theorem [1]| states that so, = 0 is an identity of the
left-symmetric algebra A%l’l). In [7] it was proved that this identity can be prolonged to
the identity of the whole left-symmetric algebra Agf’l).

Now a natural question arises about identities of A%l’l) as a subspace of the as-

sociative Weyl algebra. Numerical evidence shows that for n = 1,2,3 it behaves like
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Amitsur—Levitzki identity, i.e. s = 0, s4 = 0, s¢ = 0, respectively, are minimal polyno-
mial identities on Aﬁ}’l). However, it turns out that this case is more complicated: sg is
not an identity for n = 4.

We study this problem using graph-theoretic approach. It is known that Amitsur—
Levitzki theorem can be proved using Euler tours in digraphs [4,15,14] (or decompositions
into one path in our case). In fact, the normal ordering (or expansion) of polynomials
sm has coefficients related to path decompositions (in some sense, generalized Euler
tours). For instance, the coefficient at the first order term x;0; in s, is 0, which reflects
Amitsur—Levitzki theorem; it corresponds to the usual Euler tours. The next order co-
efficients (x;,2;,0;,0},, etc.) index decompositions into two or more paths. Using this
graph based scheme, we prove that so, is not an identity on A%l’l) for n > 3. Note that
the problem of finding the minimal polynomial identity on Ag’l) remains open, i.e. to
find a minimal ¢ = ¢(n) for which s, = 0 is identity. We know its existence and the
following bound: 2n < ¢ < n? (for n > 3).

We also apply this technique to study the N-commutators on Weyl algebra. As we
mentioned above, a space of differential operators of first order A,(f’l) has a nontrivial
N-commutator for N = n? + 2n — 2 [8] and a space of differential operators with one
variable (n = 1) of order p admits a nontrivial N-commutator for N = 2p [9]. In all these
cases, sy+1 = 0 is an identity. One can expect that this is a general situation: if s, =0
is a minimal identity then in the pre-identity case s,,_1 gives a nontrivial N-commutator
for N = m — 1. Example of AS}’” shows that this conjecture is not true. We prove that
if an N-commutator on AS}’” is nontrivial, then N = 2.

2. Principal decompositions and G-Stirling functions

We call decomposition of a digraph G = (V,E) into k edge-disjoint paths by
k-decomposition. Let us suppose that edges of G are labeled by m indices, E =
{e1,...,em}. We say that the k-decomposition E = Py U...U Py is principal if for
every path P; = eg, ...ep, (1 < i < k) we have 1 < ... < {,. In other words, we de-
compose the edge set into several paths and the indices of edges increase along every
path. For example, the graph G; with E = {(1,2),(2,1), (4,2),(1,4),(2,5),(4,3)} and
V ={1,2,3,4} has a principal 3-decomposition ejezeq Ueses Ueg (see Fig. 1 (a), (¢));
e1es U egeg U eges is also a principal decomposition, whereas ejes U ege3 U eseg is not.

When V' = {1} and graph has m labeled loop edges (1, 1), the principal decompositions
correspond to partitions of set [m] into disjoint subsets. Further, we suppose that the
digraph G is presented by the vertex set V' = [n].

A block (or p-block if p is specified) of a graph is a distinguished set of edges
{e1,...,ep}. If graph is built up from several (disjoint) blocks, then we require that
the edges of each block must lie in distinct paths. For example, the digraph G (see
Fig. 1 (b)) built from three blocks By = {ej,ea}, Bs = {es}, B3 = {eq,e5,€6}, has a
principal 4-decomposition ejes U ezeq U ez U eg (see Fig. 1 (d)). Note that a principal
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(a) Graph G without blocks (b) Graph G’ with edges
divided into three blocks
By = {e1, ez} (red),
BQ = {(23} (black)
B; = {eq, e5,¢6} (blue)
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(¢) Graph G is decomposed into three paths ejeseyq, ezes and eg.

(Sources and sinks are shown black.)
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(d) Graph G is decomposed into four paths ejes, e2ey, €5 and eg.

Fig. 1. Examples of digraphs and principal decompositions.

3-decomposition of G1, ejeseq Ueses U eg, cannot be used for G since ey, e; are from
one block B; and thus cannot be in the same path.

We will use the following notation for multisets: A — X is a difference eliminating
from A as many copies of elements as X has, e.g. {13,223 43} —{12,2,4} = {1,2,3,4%};
AW X is a merge of multisets, e.g. {12,2,42} w {1,223} = {13,23,3,42}. We also write
G — e if edge e is eliminated from G or G — B if block B is removed.

For a given digraph G, let in(é),out(i) (i € V) denote the number incoming and
outcoming edges, respectively;

Vout 1= {1out(1)7 o 7nout(n)}7 Vi 1= {1in(1)7 o 7nin(n)},
Mout(G) = {I | I - ‘/out}a

i.e., Moyt is the set of all sub(multi)sets of V.

Note that if for a k-decomposition, we have the sources I, then the corresponding
sinks J = Vi, W 1 — Vgt are determined uniquely. For example, in Fig. 1 (c) we have
I=1{1,4,4} and J = {3,3,4}. (Further, for any sources I we will just write sinks as J
meaning that J = Vip W1 — Voys.)
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Define the G-Stirling function Sg : Mo (G) — Z>¢ as follows

Sa(I) := the number of principal decompositions of G

with sources I (and sinks J).

If n = 1, then S¢(I) corresponds to Stirling number of the second kind S(m, k) where
|I| = k and digraph G has m labeled loops (1,1).

Theorem 2.1. The G-Stirling function Sg satisfies the following properties:

() Se(Vous) = 1;

(ii) if Sg(I) > 0 for some I C Vous, then for any I', such that Vouy 2 I' D I, we have
Sg(f/) > 0;

(iii) suppose that digraph G is built up from blocks By, ..., B,, so that the indices of
edges increase with respect to the order of blocks. Let e = (i,j) € By, G' =G — e,
I' =1—{i}. Let k; be the number of repetitions of i in (J — {j}) W {i} and re be
the number of edges in B,, —e that end by i. Then the following recurrence relation
holds for Sg(I).

Sa(I) = Scr(I') + (ki —re)Sar (1) (1)

Proof. The item (i) is clear, it corresponds to one principal | E|-decomposition of G.

(ii) If there is a principal decomposition with sources I then by additionally splitting
certain paths at vertices I’ — I we may get a principal decomposition with sources I’.

(iii) Note that if Sg(I) > 0, then j € J. If edge e forms a separate path in a principal
decomposition of G, then we should have i € I, and the number of such decompositions
is Sg/(I’). In the other cases, e is the last edge of any path and can be joined by the
vertex i to decompositions of G’ having the same sources I and sinks (J —{j}) W {i} (by
eliminating e we remove j and add i to sinks). Since we cannot join e after r. edges of
the same block B,,, there are (k; — r.) ways to join e to every of Sg/(I) corresponding
decompositions. So, the recurrence follows. O

Corollary 2.2. If G has edges ey, ..., en (without blocks), then for e, = (i,j), G' =
G —ep, I' =1—{i} and k; the number of repetitions of i in (J — {j}) W {i}, we have

Sa(I) = Se(I') + kiScr (I). (2)

Corollary 2.3. If G has n = 1 vertex and m loops (1,1), then Sq(I) = S(m, k) if |I| =k,
where S(m, k) is Stirling number of the second kind. Relation (2) becomes the well-known
recurrence

S(im,k)=8S(m—1,k—1)+kS(m —1,k).
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Remark 2.4. The G-Stirling function S () is a graph generalization of Stirling number
of the second kind. Note that S¢ is different from Stirling (and Bell) numbers for graphs
studied in [6], which count partitions of graph vertex set into independent sets. Although,
for n = 1 (and several blocks) there is a correspondence between these definitions (par-
titions of edge set into increasing paths vs. partitions of vertex set into independent
sets).

2.1. Symmetrization

The symmetric group acts naturally on decompositions by permuting the indices of
edges. For o € S,,, and digraph G with the labeled edge set E = {ej,...,en}, let G7 be
the same graph with edges labeled as {eg(1), .-, €x(m)}. In general, this means that G
will have another set of principal decompositions.

Define the following characteristic

Eg(I):= ) sen(0)Se-(I), (3)

oESH,

where T is any multiset on [n]. Note that if |I| = 1, then E¢ reduces to the sum

Eq({i}) = > sgn(o),

€5(1)"""€q(m) Buler tours i—j

which has nice algebraic application [4,14,15] (here j is the corresponding sink of an
Euler tour). Namely, the following property is used in polynomial identities for matrix
algebra: For a directed graph G = (V, E) with |V| = n and |E| = 2n and every 1 < i <n,
we have Eg({i}) = 0. As we will see in next section, the characteristic Eg(I) shows a
similar connection with the Weyl algebra.

We will also need the formula for computing E¢(I) in terms of shuffles of paths, which
are defined as follows.

For permutations o, 7 of £,r (disjoint) elements define the shuffle set Sh(o,7) as the
set of all permutations of £ 4+ r elements from o, 7 such that the order of elements from
each of 0 and 7 remains the same. For example,

Sh((l’ 3)7 (47 2)) = {(1’ 3’ 47 2)7 (17 47 3’ 2)7 (47 17 3? 2)’ (17 4? 2) 3)? (47 17 2’ 3)7 (4? 27 17 3)}
For more than two permutations o1, ..., 0 the set Sh(oy,...,0¢) is defined similarly. In

other words, Sh is the set of linear extensions of a poset that consists of separated chains
labeled with respect to the given permutations. Note that

ISh(1,...,00)| = <|01 +- 4 0't> _ (oa] 4+ oe])!

lo1l, ..., o] loi|!- - |oe]!
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Consider now any k-decomposition (not necessarily principal) P = {P,..., P;} of G
with sources I and sinks J; every path P; here is viewed as a permutation ({1,...,¥¢;)
which presented by the sequence of edges ey, - - - eg,. Define

E(P) = Z sgn(o). (4)

o€Sh(Py,...,Py)

Proposition 2.5. The following formula holds for Eq(I),

Ec()= ) E(P), (5)

P:I—J

where the sum is taken over all k-decompositions with sources I and sinks J.

Proof. Consider any permutation o € S,,. If we take a principal decomposition of G” and
apply 0! to it, then we get a decomposition of G with the same set of sources and sinks.
Take any decomposition P = {Py,..., Py} of G and the set of permutations o for which
o(P) becomes principal. Then for any path P; = ey, ...ep,, we have o(f1) < --- < o({s).
Therefore, for every o € Sh(Py,..., Py), 0! corresponds to a principal decomposition
of G?. Note that sgn(o) = sgn(oc~1) and so we obtain

Eqc(1) Z sgn(o)Sge (1)

gES

> > sgn(o)

P:I—J 0€Sy,,0(P) is principal

= Z Z sgn(o). O

P:I—J c€Sh(Py,...,Py)

3. Connections with Weyl algebra
3.1. Definitions

Let K be a field of characteristic 0. The n-th Weyl algebra A,, is an associative algebra
over K defined by 2n generators z1,...,o,,01,...,0," and relations

ximj = IEjII?i, 816] = Gj&, 81-:13]» — :cjﬁi = 6i,j fOI‘ 1 S Z,j S n,
where 0; ; is the Kronecker symbol. The elements of types

2008 = gl 9P

1 A, is isomorphic to the polynomial algebra with d; considered as partial derivation d/dx;.
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with a = (a1,...,0,), 8= (B1,...,Bn) € ZL,, are called monomials. Define the length
U(z07) == (0 — By)

i=1

and the weight
w(z®0®) == (a1 — B, ..., — B).
In most of the cases below, we will write monomials in the equivalent form
Tiy ... 24,05, ... 05, for iy, ... ig, g1, .., 0p € [0];

e.g. this monomial has length s —p. All monomials 2*9” form a linear vector space basis
of A,,. When the element w of A,, is expressed as a linear combination

w=>cla,f)z?0", c(a,B) € K,
a,B

we say that w is normally ordered. The order of w is defined as

ord(w) = max, 18], 18 =3 6
’ =1

Note that ord(wiwsy) = ord(wy) + ord(ws).
Define the following subspaces of A,:

A%ZNQ) = <maa,3 : ‘Oé| =D, ‘B| = q>7

AP =AY, AP = é A,
i=1

i>1
Note that ASLO) is the subalgebra of A,, formed by the elements of length 0.
3.2. Normal ordering

We show that combinatorial meaning of coefficients in the normal ordering can be in-
terpreted in terms of graph decompositions. Furthermore, we will consider monomials of
subspace A%O), i.e. of length 0 (otherwise, for our purposes we may add fictive elements).

We associate every monomial w = x;, ...x;,0;, ...0;, € A with the p-block of a graph

J1
in the following way:

block(w) := {(i1,51),- -, (ip, p) }-
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Table 1
All principal decompositions of digraph G} shown in Fig. 1 (b).
1 J Principal decompositions
{1,2,4,4} {2,3,3,4} e1 Uegeqs Uezes Ueg
eres Ueseqg Uesz Ueg
{1,2727474} {2,2,3,3,4} e; Uegeg Uez Ues Ueg
{1,1,2,4,4} {1,2,3,3,4} eres Uex Ueg Ueq Ueg
e1 Ueg Ueses Ueqg Ueg
{1,1,2,2,4,4} {1,2,2,3,3,4} e1Ues UesUes Ues Ueg
0 .
Theorem 3.1. Let wy, ..., w, € A%) be monomials. Then we have
wiwn =Y Se(D) ][] o (6)
IC Vot i€l jeJ

where digraph G with n vertices is built up from the blocks block(wy), . .., block(w.,) (so
that the indices of edges increase with respect to the order of blocks) and J = Vig WI—Voys.

Let us consider examples.

Example 1. Let n = 4 and
w1 = 1020901, Wo = 1402, W3 = T1T224040303.

We have

W1 WaWs3 = 21’1.%‘21’421826%84 + mw%xi@%&%&; + 2x§x2x301626§84 + x%x%xi@laga??&;
and according to Theorem 3.1, digraph with n = 4 vertices is built up from three blocks
By ={e1 = (1,2),e2 = (2,1)}, Bo = {es = (4,2)}, Bs = {es = (1,4),e5 = (2,3),e6 =
(4,3)}. So, it is exactly the digraph shown in Fig. 1 (b). Table 1 shows its all principal
decompositions and one can easily check that it corresponds to the expression above.
Example 2. Suppose now n = 3 and

w1 = 1101, Wy = X203, W3 = X201, Wy = 1404, w5 = x10s.
We show how the expression
W WoW3WAWS = 2x1x§618283 + Qxlxgxgﬁlé)g@g + x%x%@fagag + x%xgxgafﬁzag

is related to graphs. According to Theorem 3.1, graph G (see Fig. 2) consists of n = 3
vertices and edges {e; = (1,1),e2 = (2,3),e3 = (2,1),e4 = (3,3),e5 = (1,2)}. Table 2
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Table 2

All principal decompositions of the graph presented in Fig. 2.

€1
€5
1 8/_\ 2
€3
€2
8 3
€4

Fig. 2. Graph in Example 2.

I J Principal decompositions
{1,2,2} {1,2,3} eres Ueseq Ues

e1 Ueseyg Ueges
{1,2,2,3} {1,2,3,3} e;1 Uezx Ueges Uey

erjes Uea Ues Uey
{171,2,2} {1,1,2,3} e1 Uegeqg Ues Ues
{1,1,2,2,3} {1,1,2,3,3} e1UeaUezUesUes

shows all possible sources and sinks I, J C {1,2,3}. Recall that Sg(I) is the number of
principal decompositions with sources I and sinks J. For instance, we have two possible
principal decompositions with

I={1,2,2},J={1,2,3} : e1e5 Ueges Ues and e; U egey U eges.

Therefore, S¢({1,2,2}) = 2, which contributes to the expression above as the summand
2I1I%818283.

Proof of Theorem 3.1. We proceed by induction on the total order of wy, ..., w.,, ie.
on the value

ord(wy - - - wy,) = ord(wy) + - - - + ord(way,).

The statement is obvious if the total order is 1, or we have monomial x;09;. To prove the
formula for monomials wy - - - Wy, let wp, = x4, ... x;,0;, - - - 05, and consider the action of
Wy -+ Wp—1 oL &;,. For simplicity, put i =4, js = j and w), = x;, - x;, ,0j, -+ 05, .
Let {81-(1), ... 781-(‘])} be all 9;’s in monomials wy, . .., w,,—1. When one of 9; acts on xz;, we
will change this situation to the following equivalent operation: remove z;, then change
0; to the fictive element 0,41, and after the normal ordering process remove 0y, 1. Using
this operation we obtain that

q
’ ’
Wy - Wi =33¢(w1 ..-wm_lwm)aj + E [wl...wm_l]amﬁa me 8]'.
B n
(=1 Ont1—1
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(Here [wy - - ~wm,1]a_<z) means that we change 81-(2) — Opy1inoneof wy, ..., wy—1.)

—>6n+1

Note that we can apply the induction hypothesis to expressions [wy - - - wm—1] 0, , o~ wh,

and wy - - - wy,—w,,. Hence,

W1 Wy = T4 (ZS(y(I)HQJ@ H 6k> 8j + <ZZSG2(I>H$Z H 8k> 8j7
I =1 1 Ont1—1

Lel keJ lel ked

where graph with n vertices G’ is built up from block(wy), . .., block(wp,—1), block(w?,, );
and graph G, obtained by adding a new vertex n+1 and changing the edge e = (v, ) that
corresponds ¢ to e := (v,n+1). Note that Sg,(I) = Sg/(I) (with sinks (J —{n+1}) W
{i}). Therefore, we get

ZSG/I {Z ngH8k+Zchf )H«TéHaka

el keJ lel keJ

—Z (Sa: (I —{i}) +qSe (I HwHak
el keJ
=Y Sa() [z ] O
1,J

Lel  keJ

where G is built up from block(w;), ..., block(w,,); we have used Theorem 2.1 (Eq. (1))
for which it is easy to see that ¢ is a number of ¢’s in (T — {j}) W {i¢} without counting
the last block. O

Remark 3.2. In fact, the monomial w = x;, ...x;,0;, ...0;, can be associated with any
p-block of a graph that matches the vertices ¢1,...,%, with ji,...,7p, e.g. for every
permutation o € S, we may define

block(w) = {(i1,J(1))s - - - » (ips Jo(p)) }-

Note that these changes do not affect on the result of Theorem 3.1, the right-hand side
remains the same.

Corollary 3.3. For a digraph G = ([n], E) with E = {e1,...,en}, we have
m
Hx”@jz :ZSG(I)H.TiHaj, (7)
=1 T iel  jeJ

where eg = (ig, jo), the sum runs over all (multi)sets of sources I, and J is a set of sinks.

Corollary 3.4. If n =1, then (7) becomes the classical result

m

(z0)™ = Z S(m,i)x'd",

=0

where S(m, i) is Stirling number of the second kind.
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3.8. Skew-symmetric polynomials

Consider the skew-symmetric polynomial over noncommuting variables

Sn(xh e 7(1,’”) = Z Sgn(o—)aja(l) o To(n)-

g€Sy,
The famous Amitsur—Levitzki theorem [1] states that
SQn(Ala cee 7A2n) =0

is a minimal polynomial identity for m x n matrices Aq,..., As,. This result is also
known as an application of Euler tours to algebra [4,14,15]. Namely, if we have a digraph
G = (V,E) with |V| = n and |E| = 2n, then for every 1 < i,5 <n

Z sgn(o) = 0.

€s(1)"""€o(2n) Euler tours i—j

We will now present a similar connection of graph theory with the Weyl algebra.
Recall that the subspace Ag’l) C A, is generated by monomials x;0;,

ALY = (0 | i,j € [n]).

We show the following skew-symmetric analog of Theorem 3.1.

Theorem 3.5. Let wy,...,w, € A%l’l) be monomials. Then
Sm(Wi, ... W) = ZEG(I)H% H 0,
I il jeJ
where digraph G with n vertices has m edges represented by wi, ..., Wy, (i.e. if we =

x;,0j,, then there is an edge (ig,je) in G).

Proof. From Theorem 3.1,
Ws(1) " Wa(m) = ZSG’" ) Hxl H aja
icl  jeJ

where Sgo (I) enumerates principal decompositions with respect to the edges permuta-
tion o. Therefore,

S (w1, .. Z Z sgn(o)Sge(1,J) Hajlﬂﬁ

I o€eSn, el jeJ

:ZEG(I)H@H@. O

i€l jeJ
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Remark 3.6. Theorem 3.5 presents a normal ordering of the skew-symmetric expression.
We will see that this form is useful in investigating the skew-symmetric identities.

3.4. Minimal polynomial identities

We say that s, is a minimal polynomial identity on some space W if
Sm(X1,...,Xm) =0 for every Xq,...,X,, e W
and
Sm—1(X1,..., Xim—1) # 0 for some Xy,...,X,,,_1 € W.

Amitsur-Levitzki theorem gives a hint that the coefficient of any order 1 term x;0;
in so,(wi,...,wa,) is 0 (it sums with a sign for all Euler tours from ¢ to j). In next
theorem we show that the same is not always true for coefficients at other terms.

Theorem 3.7. The following properties hold for s,, on AS’”.

e Son, = 0 is a minimal identity on AS}’” forn=1,2,3.
o 5190 = 0 is a minimal identity on Afll’l),
o Forn >3, sop is not an identity on ALY,

We first need the following result.

Lemma 3.8. Let
Sh(m,n) :=Sh((1,...,m),(m+1,...,m+n))
and

q(m,n) := Z sgn(o).

o€Sh(m,n)
Then
am,n) = gln,m), q(@m— 1,20~ 1) =0,

q(2m,2n) = q¢(2m+1,2n) = (m + n)
n

Proof. By the definition, it is obvious that ¢(m,n) = ¢(n,m). Let us compute the re-
currence for q(m,n). If the last element of permutation is m + n, then we have the sum
g(m,n — 1). Otherwise, the last element is m which gives (—1)"¢(m — 1,n). Hence we
have

qg(m,n) =q(m,n—1)+ (=1)"q(m — 1,n).
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(In fact, g(m,n) is a ¢g-binomial coefficient at ¢ = —1.) So, the needed formulas can easily
be derived by induction, since we have

qg2m+1,2n+1)=¢q(2m+1,2n) — qg(2m,2n+ 1) = (

+
n
_1 _1
Q(2m72n)Q(2m,2n1)+Q(2ml,2n)<m+n1 >+ <m +")<m+n>7
n—

g(2m+1,2n) = q(2m +1,2n — 1) + q(2m, 2n) = q(2m, 2n). O

Proof of Theorem 3.7. First note that s,,(wi,...,w,) = 0 if some of wy, ..., w, are
equal.

1) s = 0 is identity for n = 1. It is obvious that sy (28, 20) = (20)? — (20)? = 0.

s4 = 0 is identity for n = 2. Here we may consider only the case with four operators
x101, x20a, 102, x201. It can easily be checked that s4(z101, 2202, 2102, 2201) = 0.

s¢ = 0 is identity for n = 3. There are 17 such cases up to symmetry; and all can
easily be verified.

2) s10 = 0 is identity for n = 4. This is verified from our computer calculations for all
the possible cases (with reductions up to symmetry).

3) To prove that sa, is not identity for n > 3, we show that for 2-decompositions
of graphs G defined in Fig. 3, Eg({1,1}) does not sum to 0. The latter means from
Proposition 3.5 that the coefficient of 2207 in s, is nonzero.

Suppose n is even. We look for all cases of decompositions of G (see Fig. 3, left)
with I = {1,1},J = {1,1}. For every vertex i« (2 < 4 < n) consider the paths
€1 €i_1€an—i+2- €2 aNd epy1 - €2p_it16; - €y. These permutations will sum to
(=1)"="1|Sh(2(i —1),2(n—i+1))|, which by Lemma 3.8 gives ¢(2(i —1),2(n—i+1)) =
(—1)”*”1( " ) There are two more paths ey - - - e, and e,41 - - - €2y, for which we have
q(n,n) = (,7},). Therefore,

i—1
n/2

Ec({1,1}) = Zn:(_l)m“ (z . 1) " (nT/L2>

=2

=1 (-1 <n72) >—1—(=1)"+2>0.

If now n is odd, then we consider graph G as in Fig. 3 (right). We again look for all
decompositions with I = {1,1}, J = {1,1}. For every vertex i (3 <i < n — 1) we have

the following two possibilities of paths:

Py =epepi1.--€n1-i€i€iy1...€n 1P =€1...€;_ 162 ... Con 3€2, 1€2,€2 2

and

Py =epent1...€2n-1-i€i€it1 ... €n—1; P2 = €162, 1€20€2 ... €;_1€2—; .. . €2n—2.
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Fig. 3. Graphs G with Eg({1,1}) # 0 for n even (left) and odd (right).

For both cases we get the sum of (—1)"*|Sh(2(n — 4),2i)|, which is (=1)"~*("}). The
remaining four cases of paths decompositions are

P1 = €1€2n—2; P2 = €np...€2p_3€2n_1€2n€2...€xn_1,
with sum of —[Sh(2,2n — 2)| = —(});
P1 = €1€2n—2; P2 = €np...€2p_3€E2n_1€2n€2...€H_1,
with sum of —[Sh(4,2n — 4)| = —(});
P1 = €1...€6pn—-1; P2 —€n...€2n-3€2n_1€2n€21n_2,
with sum of |[Sh(n —1,n+1)| = ( /2)
Py =e1e0n_1€0n€...6n_1; P =€p ... €9, 2,

with sum of |[Sh(n + 1,n —1)| = ((nfl)/Q). So, we obtain

o0 = (2E0(1)) = (1) () +2(0 ")
=2 (=1 = o (1) = o () 1)
(1) (3) 20 ye)
= (3)-3(0) +2(0 ) 2 (3) -3(1) +2(5) o

Remark 3.9. Reducing the non-identity case to computing E¢(I) for some sources I gives
a more efficient way to analyze the sum instead of looking at the whole s,,. Computing
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Eq(I) for all sources I is apparently faster than computing s, directly (which at least
is evident in smaller cases computations).

Remark 3.10. From our computations, most likely that s;5 is a minimal identity on Aél’l).
In fact, one can reduce the number of cases in computations by proving the following
equivalent properties:

(A) Suppose there are monomials X1,...,X,, € ALY such that Sm(X1,. .., Xm) # 0.
Then there are monomials X1,..., X/ € A such that sm(X1, ..., X)) # 0 and
with total weight 0, i.e.

WX)) + -+ w(X)) = (0,...,0).

(B) If Eg(I) # 0 for some multisets I and digraph G, then there is a balanced digraph G’
(i.e. in(v) = out(v) for each vertex v) with the same number of vertices and edges,
such that Eg (I") # 0 for some multiset I'.

3.5. N-commutators

sy is called N-commutator on AS{”’) if sy(Xy,...,XN) € A%p’p) for every Xy,...,
Xy € Aﬁf’f’). If sy(X1,...,Xn) # 0 for some X;,..., Xy € Aﬁf’”’), N-commutator is
nontrivial.

It is known that the space of differential operators of first order AV = (ud; | u €
Klx1,...,,]) has a nontrivial N-commutator for N = n?+2n—2 [8] and a space of differ-
ential operators with one variable (n = 1) of order p admits a nontrivial N-commutator
for N = 2p [9], i.e. there is a nontrivial 2p-commutator on the subspace (ud? : u € K|x]).
In all these cases, sy+1 = 0 is an identity. One can expect that this is a general situa-
tion: if s,,, = 0 is a minimal identity then in the pre-identity case s,,_1 gives a nontrivial
N-commutator for N = m — 1. In next theorem we show that this is not true for the
subspace Asll’l).

Theorem 3.11. Let sy be a nontrivial N-commutator on A%l’l). Then N = 2.

Proof. Suppose N > 2. If N > 2n, then ord(sy) > 2 since coefficients at terms x;0;
that are F¢(4) vanish from the Amitsur-Levitzki theorem. This means that sy ¢ ALY,
For the other cases, we adopt the graph-theoretic version of example used in proof of
Amitsur-Levitzki theorem (that sg,_1 is nonzero).
If N < 2n, let us choose the first Xy,..., Xy operators from the set (of 2n — 1)

$161,$132,x282, cee 71‘”,18”,:8”6”.

The latter represents the graph G with edges (1,1),(1,2),(2,2),...,(n — 1,n),(n,n).
Consider two cases.
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Case 1. If N = 2r — 1, then the coefficient at term z12,.010, in sy(X1,...,Xn) is
Ec({1,1}) (sinks are {1,r}). There is only one 2-decomposition with such sources and
sinks: the paths are (1 - 1) and (1 - 2 - 2 = --- - r—1 — r — r). Hence,
Eq({1,1}) =|Sh(1,2r —2)| = q(1,2r —2) =1 >0 and sy ¢ ALY,

Case 2. If N = 2r, then consider the term z1220-0, and its coefficient in sp, which
is E¢({1,2}) (sinks are {2,r}). The possible 2-decompositions here are

(I)1—=2)and 22— --—=>r—1—=r—1—7r)and

2)(1=-2—>2)and(2—23—=---—>r—1—=r—1-r).

Therefore, Eg({1,2}) = q(1,2r — 1) + ¢(2,2r —2) =r —1> 0 and sy ¢ AGY. o

4. Open questions
We propose several problems concerning the minimal identities in Weyl algebra.

Problem 1. What is ¢ = ¢(n) (n > 3) for which s. = 0 is a minimal polynomial identity
on AS’”? We know the bounds 2n < ¢ < n2.

Using graph-theoretic interpretation, question becomes the following. What is relation
between |E| and |V| such that digraph G = (V, E) has E¢(I) = 0 for all sources I? This
formulation implies from our graph-theoretic interpretation. For instance, in the classical
Amitsur-Levitzki theorem we have Eg({i}) =0 for all i € V if |E| > 2|V|.

Consider a more general setting. Recall that Ang P) A,, is the subspace of Weyl
algebra generated as follows

A%p,p) = <£L'i1 "'.’Ejpajl "'8jp | il,...,ip,j17...,jp S [n])

What is ¢(p,n) such that s.(,,) = 0 is a minimal identity on AlPP)o

P
Problem 2. Let A" = @A%’”. What is a minimal identity on A;P? For instance,
i=1

(p)

. . . * .
s is identity on A", since

14 14 . )
L1981 .02 gl g 1 2 by +lo—i aly+Lo—i
o2 o g 7! ( ; ) < ; )x 0

i>0
and so sg(zf10%, 2%20%) = 0.
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